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Abstract 

We develop classification results for max-stable processes, based on their spec- 
tral representations. The structure of max-linear isometries and minimal spectral 
representations play important roles. We propose a general classification strat- 
egy for measurable max-stable processes based on the notion of co-spectral func- 
tions. In particular, we discuss the spectrally continuous-discrete, the conservative- 
dissipative, and positive-null decompositions. For stationary max-stable processes, 
the latter two decompositions arise from connections to non-singular flows and are 
closely related to the classification of stationary sum-stable processes. The interplay 
between the introduced decompositions of max-stable processes is further explored. 
As an example, the Brown-Resnick stationary processes, driven by fractional Brow- 
nian motions, are shown to be dissipative. A result on general Gaussian processes 
with stationary increments and continuous paths is obtained. 



1 Introduction 

Max-stable processes have been studied extensively in the past 30 years. The works of 
Balkema and Resnick [2\, de Haan [6l[7], de Haan and Pickands [8j, Gine et al. |10j and 
Resnick and Roy ^25j , among many others have lead to a wealth of knowledge on max- 
stable processes. The seminal works of de Haan [7] and de Haan and Pickands ^ laid 
the foundations of the spectral representations of max-stable processes and established 
important structural results for stationary max-stable processes. Since then, however, 
while many authors focused on various important aspects of max-stable processes, the 
general theory of their representation and structural properties had not been thoroughly 
explored. At the same time, the structure and the classification of sum-stable processes 
has been vigorously studied. Rosinski [57], building on the seminal works of Hardin 
[121 [13] about minimal representations, developed the important connection between 
stationary sum-stable processes and flows. This lead to a number of important contri- 
butions on the structure of sum-stable processes (see, e.g. [30l EHl [22l ESj El]). There 
are relatively few results of this nature about the structure of max-stable processes, 
with the notable exceptions of de Haan and Pickands [8] , Davis and Resnick [5] and the 
very recent works of Kabluchko et al. [16] and Kabluchko [15] . 

*The authors were partially supported by NSF grant DMS-0806094 at the University of Michigan. 
^Address: Department of Statistics, The University of Michigan, 439 W. Hall, 1085 S. University, 
Ann Arbor, MI 48109-1107; E-mails: {yizwang, sstoev}@umich.edu. 



Our goal here is to develop representation and classification theory for max-stable 
processes, similar to the available one for sum-stable processes. We are motivated by 
the strong similarities between the spectral representations of sum- and max-stable 
processes. This procedure however, is non-trivial. The notion of minimal extremal 
integral representation plays a key role as does the minimal integral representation for 
a-stable processes (see Hardin [13j and Rosihski |27l [29j). Before one can fruitfully 
handle the minimal extremal integral representations, it turns out that one should first 
thoroughly investigate the structure of max-linear isometrics, also known as the pistons 
of de Haan and Pickands [8]. We refine and extend their work in Section [3j In Section 
m we develop the theory of minimal representations for max-stable processes. Our 
approach is motivated by the works of Hardin ^13j and Rosihski [27j in the sum-stable 
context. 

In Section [5l we establish general classification results for max-stable processes by 
using the developed theory of minimal spectral representations. In Section fS.ll we first 
show that essentially any max-stable process can be represented uniquely as the max- 
imum of two independent components, characterized as spectrally continuous and spec- 
trally discrete, respectively. The spectrally discrete part gives rise to the notion of 
discrete principal components, which may be of independent interest in modeling of 
max-stable processes and fields. 

In Section 15.21 we introduce the notion of co-spectral functions, for the large class 
of measurable max-stable processes X = {Xt}teT- There T is a separable metric space 
equipped with the Borel-cr-algebra and a cj-finite measure. The co-spectral functions 
of such processes are invariant to the choice of the spectral representations, up to a 
multiplicative factor. This allows us to develop a general strategy for the classification 
of measurable a-Frechet processes, based on positive cones of co-spectral functions. As 
particular examples, we obtain the conservative-dissipative and positive-null decompo- 
sitions, which correspond to certain choices of cones for the co-spectral functions. 

Section [6] is devoted to the classification of stationary max-stable processes. As in 
the sum-stable case, the minimal representations allow us to associate a measurable 
non-singular flow to every measurable stationary max-stable process. This correspon- 
dence enables one to apply existing ergodic theory results about the flow to characterize 
the max-stable process. The conservative-dissipative and positive-null decompositions 
introduced in Examples 15.31 and 15.41 are in fact motivated by the corresponding decom- 
positions of the underlying flow. These two results are in close correspondence with the 
classifications of Rosihski ^27j and Samorodnitsky [31j for sum-stable processes. As in 
Rosihski [27] , we obtain that the class of stationary max-stable processes generated by 
dissipative flows is precisely the class of mixed moving maxima. 

In Section [71 we apply the results in Section [Hj to Brown-Resnick processes. We give 
simple necessary and sufficient conditions for a generalized Brown-Resnick stationary 
process to be a mixed moving maxima. This extends and complements the recent 
results of Kabluchko et al. [16]. In fact, as a by-product, by combining our results and 
those in [16], we obtain an interesting fact about general zero-mean Gaussian processes 
W = {Wt}t£R with stationary increments and continuous paths. Namely, for such 
processes, we have that, with probability one, 

lim (Wt -VariWt)/ 2) = -oo implies / exp{Wt - Vai (Wt)/ 2} dt < 00. 
In particular, we show that if {W(}tG]R is a fractional Brownian motion, then the gen- 
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erated Brown-Resnick process is a mixed moving maxima. We conclude Section \7\ with 
some open questions. Some proofs and auxiliary results are given in the Appendix. 

Part of our results in Sections [S] and are modifications and extensions of results of 
de Haan and Pickands [8] . The main difference is that we provide a complete treatment 
of the measurability issue, when the processes are continuously indexed. Before we 
proceed with the more technical preliminaries, we are obliged to mention the recent 
work of Kabluchko |15j . In this exciting contribution, the author establishes some very 
similar classification results by using an association device between max- and sum-stable 
processes. This association allows one to transfer existing classifications of sum-stable 
processes to the max-stable domain. It also clarifies the connection between these 
two classes of processes. Our results were obtained independently and by using rather 
different technical tools. The combination of the two approaches provides a more clear 
picture on the structure of max- and sum-stable processes as well as their interplay. 

2 Preliminaries 

The importance of max-stable processes stems from the fact that they arise in the limit 
of the component-wise maxima of independent processes. It is well known that the uni- 
variate marginals of a max-stable process are necessarily extreme value distributions, 
i.e. up to rescaling and shift they are either Frechet, Gumbel or negative Frechet. The 
dependence structure of the max-stable processes, however, can be quite intricate and it 
does not hinge on the extreme value type of the marginal distributions (see e.g. Propo- 
sition 5.11 in Resnick [23]). Therefore, for convenience and without loss of generality we 
will focus here on max-stable process with Frechet marginal distributions. Recall that 
a positive random variable Z > has a-Frechet distribution, a > 0, if 



Here \\Z\\^ := a > stands for the scale coefficient of Z. It turns out that a stochastic 
process {Xt}t£T with a-Frechet marginals is max-stable if and only if all positive max- 
linear combinations: 



are a-Frechet random variables (see de Haan [B] and e.g. This feature resembles the 

definition of Gaussian or, more generally, symmetric a-stable (sum-stable) processes, 
where all finite-dimensional linear combinations are univariate Gaussian or symmetric 
a-stable, respectively (see e.g. |32j). We shall therefore refer to the max-stable processes 
with a-Frechet marginals as to a-Frechet processes. 

The seminal work of de Haan provides convenient spectral representations for 
stochastically continuous a-Frechet processes in terms of functionals of Poisson point 
processes on (0,1) x (0,oo). Here, we adopt the slightly more general, but essentially 
equivalent, approach of representing max-stable processes through extremal integrals 
with respect to a random sup-measures (see Stoev and Taqqu [3S]). We do so in order 
to emphasize the analogies with the well-developed theory of sum-stable processes (see 
e.g. Samorodnitsky and Taqqu [32] )• 

Definition 2.1. Consider a measure space {S,S,fi) and suppose a > 0. A stochastic 
process {Ma{A)}AeSj indexed by the measurable sets ^ G 5 is said to be an a-Frechet 



P{Z <x)= exp{-o-"x"°} ,xe{0,oo). 




l<i<n 
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random sup-measure with control measure n, if the following conditions hold: 
(i) the Ma{Ai)^s are independent for disjoint Ai € S, 1 <i < n. 
(a) MaiA) is a-Frechet with scale coefficient ||M„(A)||a = 

(in) for all disjoint Ai's, i G N, we have MQ,(UjgN^i) = VteN^a(^«)' almost surely. 

Now, given an a-Frechet random sup-measure as above, one can define the extremal 
integral of a non-negative simple function /(n) := Y17=i ^i^Aiiu) > 0, Ai £ S: 

7 fdM^ = 7 f{u)Ma{du) := \J aiM^{A^). 

''^ ''^ l<i<n 

The resulting extremal integral is an a-Frechet random variable with scale coefficient 
(/^ The definition of 7^ /dM„ can, by continuity in probability, be naturally 

extended to integrands / in the space 

Ll{S,n) := |/ : 5 ^ M+ : / measurable with j f'dfi < oo}. 

It turns out that the random variables := '^Jg fjdMa, 1 < i < ?t- are independent if 
and only if the /j 's have pairwise disjoint supports (mod ii). Furthermore, the extremal 
integral is max-linear: 

{af \J hg)dMa = a / fdMa^b / gdM^, 
Js Js 

for all a,b> and f,g £ L'^{S,fi). For more details, see Stoev and Taqqu [35] . 

Now, for any collection of deterministic functions {ft}teT C L'^{S,fj,), one can con- 
struct the stochastic process: 

Xt= [ ft{u)Ma{du) yt e T . (2.2) 
Js 



In view of the max-linearity of the extremal integrals and (12. ip . the resulting process 
X = {Xt}teT is a-Frechet. Furthermore, for any n G N, Xj > 0, ti £ T, 1 < i < n: 

nXt, <xi,...,Xt„ <x„} = exp{-^(vi<,<„xrVt,(^i))"//(du)}. (2.3) 

This shows that the deterministic functions {ft}teT characterize completely the finite- 
dimensional distributions of the process {Xt}teT- In general, if 

{Xt}teT = I / ftduA , (2.4) 

Js J 

for some {ft}t€T C L'^{S, /i), we shall say that the process X = {Xt}teT has the extremal 
integral or spectral representation {ft}teT over the space L°^{S,^). The fts in (12. 4p are 
also referred to as spectral functions of X. 

Our goal in this paper is to characterize a-Frechet processes in terms of their spectral 
representations. Many a-Frechet processes of practical interest have tractable spectral 
representations. As shown in the proposition below, an a-Frechet process X has the 
representation (12. 4|) . where (S*, /u) is a standard Lehesgue space (see Appendix A in [23]), 
if and only if, X satisfies Condition S. 
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Definition 2.2. An a-Frechet process X = {Xt\teT is said to satisfy Condition S if 

P 

there exists a countable subset Tq <^T such that for every t £ T, we have that Xt„ Xt 
for some {t„}„eN C Tq. 

Proposition 2.1. An a-Frechet process X = {Xt}t£T has the extremal integral rep- 
resentation (12. 4p . with any (some) standard Lehesgue space {S,fi) and an a-Frechet 
random sup-measure on S with control measure fi, if (only if) it satisfies Condition S. 

The result above follows from Proposition 3.2 in [35], since the standard Lebesgue space 
(S, /i) may be chosen to be [0, 1], equipped with the Lebesgue measure. 

Remark 2.1. As shown in Kabluchko [15] (Theorem 1), every max~stable process can 
have a spectral representation over a sufficiently rich abstract measure space. 

In the sequel, we focus only on the rich class of a-Frechet processes that satisfy 
Condition S. This includes, for example, all measurable max-stable processes X = 
{Xt}t£T, indexed by a separable metric space T (see Proposition 15.21 below). 

The fact that {S, ^) is a standard Lebesgue space implies that the space of integrands 
L'^{S,fi) is a complete and separable metric space with respect to the metric: 

P^.Af^9)= I ir-g'^ldfi. (2.5) 
Js 

This metric is natural to use when handling extremal integrals, since as n — > oo, 

7 fndMa e , and only if p^^f^, f) = [ \f^ - f»\dfi ^ 0, (2.6) 

where ^ = ^ fdM^ (see e.g. |35] and also Davis and Resnick [5j). In the sequel, we 
equip the space L"(5,/i) with the metric p^^Q, and often write ^^^^ Z?/"^/^- 

3 Max— Linear Isometries 

The max-linear (sub)spaces of functions in L'^(S, n) play a key role in the representation 
and characterization of max-stable processes. We say that T is a max-linear sub-space 
of L'^{S,fi) if the following conditions hold: 
(i) afVbge T, for all a,b > 0,f,g € T. 
(a) T C L\{S^[i) is closed in the metric p^^a- 

In particular, we will frequently encounter the max-linear space T := V-span(/t, t £ T), 
which is generated by the max-linear combinations \/i<i<nO'ifti-, ti £ T, Oi > 0, of the 
spectral functions in ()2.4p . In view of (j2.6p , the set of extremal integrals {^f^ fdMa , / G 
J-} is the smallest set that is closed with respect to convergence in probability and 
contains all max-linear combinations Vi<i<„ajXt. . For more details, see |35] . 

An a-Frechet process X = {Xt}t&T as in (12. 2|) has many equivalent spectral repre- 
sentations. They are all related, however, through max-linear isometries (see e.g. (j4.ip 
below): 

Definition 3.1. Let a > 0. The map U : L"(S'i,/ii) L^{S2, P2), is said to be a 
max-linear isometry, if: 

(i) C/(ai/i Va2/i) = ai([//i) Va2(C//2),/i2-a.e., for all /i,/2 G L'^{Si,pi) and ai,a2 > 
0. 

N WUfh'^^,,) = II/IIl^(^o; f ^ L%{Supi). 

The max-linear isometry U is called max-linear isomorphism if it is onto. 
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Consider a max-linear sub-space T C L"(S'i,/ii) and a max-linear isometry \J : 
T L^{S2, fJ'2)- Our goal in this section is somewhat technical. Namely, to characterize 
U and also identify the largest max-linear sub-space G C L"(S'i,/ii), such that !F <Z Q 
and U extends to Q uniquely as a max-linear isometry. This is done in Theorem 13.21 
below. The proofs for all results in this section are given in Appendix lA.il 

It is known that all linear isometries on spaces for a 7^ 2 are related to a regular 
set isomorphism (see |19j). Regular set isomorphisms also play an important in the 
study of max-linear isometries. 

Definition 3.2. Let {Si^Si, ^i) and (5'2,52,/i2) be two measure spaces. A set-mapping 
T : cSi — > ^2 is said to be a regular set isomorphism if: 

(i) For all A G Si, T{Si\A) = T{Si)\T{A) mod /xa; 

(ii) For disjoint A„'s in 5i,r(U+^iyl„)=U+^ir(A„) mod ^2; 
(Hi) H2{T{A)) = if and only if fii{A) = 0. 

Remark 3.1. Regular set isomorphisms are mappings defined modulo null sets. In the 
sequel, we often identify measurable sets that are equal modulo null sets. 

The next properties follow immediately from the above definition: 

(iv) If ^1,^2 G 5i and ni{Ai n A2) = 0, then fi2{T{Ai) nT{A2)) = 0. 

(v) For all, not necessarily disjoint, An G 5i, n G N, we have: 

T{U^^,An) = U^^iT{An) and r(n~ ^A^) = n^^iT{An). 

Any regular set isomorphism T induces a canonical function mapping Tf, defined for 
all measurable functions /, and such that {Tf E B} = T{f G B}, mod fi2, for all Borel 
sets B E B^. The resulting mapping is linear and also max-linear. If T is, in addition, 
measure preserving, then the induced mapping becomes a max-linear isometry. For 
more details, see Lemma lA.ll in Appendix lA.il or Doob [9j. The next result shows that 
any max-linear isometry, which maps the identity function 1 to the identity function 1, 
is induced by a measure preserving regular set isomorphism. 

Theorem 3.1. Suppose a > 0. Let T he a max-linear sub-space 0/ L" (Si, ^ui) and 
U : !F ^ L"(S'2,/X2) he a max-linear isometry. If Ig^ G and Uls-^ = I52; then 
U f = Tf for all f £ J^, where: 

(i) T is induced by a measure preserving regular set isomorphism from cf{J-) onto 
a{U{J^)), 

(ii) T is a max-linear isometry from L'^{Si, a{T), fii) onto L'^{S2,o-{U{J^)), ^2), and 
(Hi) T is the unique extension of U to a max-linear isometry from L'^(Si, a{J-'), fii) to 

Ll{S2,ll2). 

Not all max-linear isometries are directly induced by regular set isomorphisms. We 
will show next, however, that every max-linear isometry can be related to a regular set 
isomorphism. 

Definition 3.3. Let F be a collection of functions in L"(S', ^u). 

(i) The ratio a-field of F, written p{F) := o" ({/1//2, /i, /2 G F}), is defined as the 
(T-field generated by ratio of functions in F, where the ratios take values in the extended 
interval [0, 00]; 

(ii) The positive ratio space of F, written 7^_|_(F), is defined as L^{S , p{F) , ^i) . 

(Hi) The extended positive ratio space of F, written lZe,+{F), is defined as the class of all 
functions in L'^{S,p) that have the form r/, where r is non-negative /9(F)-measurable 
and f € F. 
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In the following lemma, we present some important properties of the ratio a-fields. 

Lemma 3.1. For any non-empty class of functions F C L'^{S,fM), we have p{F) = 
p(V-span(F)) C o-(F). //, in addition, I5 G F, then p{F) = a{F). 

Before introducing the main result of this section, we need some auxiliary results 
about the notion of full support. 

Definition 3.4. Let (5, jj) be a measurable space and -F be a collection of measurable 
real- valued functions on {S,p). A measurable function /o is said to have full support 
w.r.t. F if /i(supp((7) \ supp(/o)) = for all g £ F, where supp(/) := {/ / 0}. If, in 
addition, /o G F, we then write supp(F) = supp(/o). 

Remark 3.2. Note that the definition of full support is modulo ^u-null sets and the 
definition of supp(F) is independent of the choice of /o G F. Also, our definition of 
supp(-F) requires implicitly that F contains a function /o of full support. 

Lemma 3.2. Let T he a max~linear sub-space of L'^(S, fi) . If J- is separable or fi is 
a-finite, then there exists a function of full support in T . 

Lemma 3.3. LetT be a max-linear sub-space o/L° and letU : T ^ L"(52,/U2) 

be a max-linear isometry. Assume that the measures ^1 and fi2 are a-finite. If fo has 
full support in T , then Ufo has full support in U{J-). 

We now present the main result of this section. 

Theorem 3.2. Suppose a > and let T he a max-linear sub-space of L'^{Si,pi). 
Suppose also that supp(.F) = Si. If pi is a-finite and \J : T ^ L'^{S2,fJ'2) is a max- 
linear isometry, then: 

(i) U has a unique extension to a max-linear isometry U, defined on TZe.+ {J^) to 
L"(S'2,/U2)- Moreover, U is also onto TZe,+ {U{J^)) C L°(52,/i2) CLnd 

U{rf) = {Tr){Uf), for all r G n+{T) , f e , (3.1) 

where the function mapping T : TZ^{J-') TZj^{U{J-)) is induced by a regular set iso- 
morphism of p{J-) onto p{U{J-)). 
(a) For all f £ J^, we have 

{Ufrdp2 = dpij o , (3.2) 

where dpij = f^dpi. 

Remark 3.3. Equality (j3.2p means that the two measures are identical on the a-field 
p{U{F)), i.e. J^{UfYdp2 = Ml,/ o T-^{A), for all A G p{U{F)). In the sequel, we will 
interpret equalities between measures defined on different cr-fields as equality of their 
corresponding restrictions to the largest common u-field. Note that in general (C//)" in 
()3.2p does not necessarily equal the Radon-Nikodym derivative d{pij oT~^)/dp2 since 
the (T-field p{U{F)) is typically rougher than Bs2- This is why U may not have a unique 
extension to L'i^{S2, P2), in general. See Remark 3.2(c) in Rosihski [29] for a detailed 
discussion. 

Recall the notion of equivalence in measure of two cr-fields, defined on the same 
measure space {S,S,p). Namely, for two u-fields A, B C S, we write A ^ B mod p, 
if for any A £ A {B £ B, respectively), there exists B G B {A G A, respectively) such 
that p{AAB) = 0. The following result will be used in the next section. 
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Lemma 3.4. Let F be a class of functions in L'^{S,fj,). Suppose there exists fo £ F 
with full support in F. If S = supp(/o) = supp(F) and if p{F) ~ Bs mod fi, then 

7^e,+ (F)=L^(5,/i). 

This result and Theorem 13.2^ provide sufficient conditions for a max-linear isometry 
U, defined on F, to extend uniquely to the entire space L"(S,ii). 

4 Minimal Representations for a— Frechet Processes 

Let {/j^*^}tgT C L'^{Si,fii), i = 1,2 be two spectral representations for the a-Frechet 
process X = {Xt}t£T- Recall that for all tj G M, Cj > 0, 1 < j < n, we have 




One can thus define the following natural max~linear isometry: 

U : V^^{f^%^T ^ V^^ifPheT , with [//i') := /f \ for all t € T. (4.1) 

In the sequel, U will be called the relating max-linear isometry of the two representa- 
tions. Our goal in this section is to provide convenient representations for the max~linear 
isometry U . 

For any standard Lebesgue space {S,fj,), we have that {ft}t€T C L'^{S,fi) is separa- 
ble, and hence by Lemma 13.21 the max-linear space J- = V-span(/t, t G T) contains a 
function with full support. Therefore, by convention, we define the support of {ft}teT 
as follows: 

supp{/t, t£T} := supp(J^) = supp(^V-span(/i, t £ T)^. 

In view of Theorem \'6.2\ one can readily represent the max-linear isometry U in (j4.1|) 
in terms of a regular set isomorphism. The latter mapping however is a set-mapping 
rather than point mapping. It is desirable to be able to express U via measurable point 
mappings. Unfortunately, in general such point mappings may not be unique. In order 
to have a unique point mapping relating the two representations, we need to impose 
further minimality condition on the spectral representations. The following definition is 
as in Rosinski [27] (see also p3]). 

Definition 4.1. A spectral representation {ft}teT C L^{S,fj,) of an a-Frechet process 
is said to be minimal if: 

(i) supp{ ft : t £ T} = S /i-a.e., and 

(ii) for any B £ Bs, there exists A G p{{ft : t £ T}) such that p{AAB) = 0. 

We shall also consider minimal representations with standardized support defined as 
follows. 

Definition 4.2. A minimal representation {ft}t£T C L"{S,fj,) has standardized support 
if, up to ^-null sets: 

(i) S C (0, 1) U N, 

(ii) 5 n (0, 1) = or (0, 1) and m|(o,i) is the Lebesgue measure, 

(Hi) S" n N = 0, N or {1, • • • , A^}, where N £ 'N and /ij^nN is the counting measure. 
Let {Sj^N, Xj^n) denote the standard support with / = or 1 respectively according to 
the two cases in (i) and A^ = 0, A'^ = ooorA^GN respectively according to the three 
cases in (ii), e.g. 5o,oo = N and Si^n = (0, 1) U {1, . . . , A^}. 
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We now show that any spectral representation of an a~Prechet process can be trans- 
formed into a minimal one with standardized support. 

Theorem 4.1. Every a-Frechet process satisfying Condition S has a minimal repre- 
sentation {ft}teT with standardized support {Sj^n, Xj^n). That is 

{Xj^g^^lJ ft{s)M^ids)} (4.2) 

JSl.N ' 

where is the a-Frechet random sup-measure with control measure A/.tv- 

Proof. By Proposition 12.11 one can let G = {gt}t<=:T C -^^+((0, 1), S(o,i)) ds) be a spectral 
representation of the process in question, where ds is the Lebesgue measure on (0, 1). 
First, we study the ratio a-field generated by G. Let G = V-span{gt,t £ T} and, in view 
of Lemma [321 let g G G have full support in Q. By Lemma [3?T| we have p{G) = p{G)- 
Without loss of generality we assume supp(g) = supp(^) = (0, 1) and \\g\\^ = 1- Define 
a new measure /i on the space ((0,1), p(^)) by setting dp{s) = g{s)"ds. Since // is 
a probability measure, the measure space ((0, l),p(^),/i) has at most countably many 
(equivalence classes of) atoms. With some abuse of notation, we represent them as 
Ai,A2, ■ ■ ■ ,A]sr, where = means no atoms, N £ N for finite number of atoms, and 
N = oo when countably infinite number of atoms are present. Set A = U^^^An and 
Oi = p{Ai) ,l<i<N. 

Next, we define a regular set isomorphism Tr of measure space ((0, l),p{G),p) onto 
measure space {Si^iy,Ssj ff, Xi^n) considered in Definition 14.21 For the atoms, define 
T^{An) = {n},n < iV,n G N. For the non-atomic subset Aq = (0,1) \ A, let Sq = 
p{Q) n = {B n Aq^ B G p{G)} and let pi be the restriction of p to Ai^i = 0, . . . , N. 

The case ao = is trivial since then p{Aq) = pq{Aq) = and we can simply ignore 
(Aq, Sq, po). We thus suppose that oq > and observe that (^O; <So, Po) is an non-atomic 
separable measurable space (see pl67 in [TT]) with total mass p{Aq) = l — Yln=i = ciq. 
Indeed, the separability of {Aq,Sq, po) is due to the fact that G restricted on Aq is 
separable. 

Now, Theorem 41. C in Halmos [Uj implies that there is a measure preserving reg- 
ular set isomorphism, i.e., a measure algebra isomorphism T/ from {Ao,So, po) onto 
((0, 1), ;S(o,i) ) '^o'^s)- By combining the definitions of on all atoms Ai, 1 < i < N 
and T/ on {Aq,So, po), we thus obtain a regular set isomorphism Tr := T/ -|- T^ from 
((0, 1), p(^), ;u) onto {Si^N, Bsj j^, Xi,n)- Note that Tr is not necessarily measure pre- 
serving. 

By using Tr, we construct next the desired minimal representation with standardized 
support. Define 

ft{s) = Tr{gt/g){s) (^ay"l(o,i)(.) + ay"l|,}(.)^ , (4.3) 

where Tr is the canonical map on measurable functions induced by the constructed iso- 
morphism (see Lemma lA. II or p452-454 [9J) from L°((0, l),p{Q),p) onto L'^{Si^iy, A/^at). 
We claim that {ft}teT is a minimal representation with standardized support. It is 
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clearly a spectral representation, since, for any m G N, tj S T, > 0, 1 < i < m, 

N 



=1 



L'^{Si^n,^i,n) 



i=l 



aj"" \J CiTr{gtJg) 

i=l 

m 

V (^i9u/9 

i=l 
m 



(0,1) + 

n=l 

N 



"'n {n} 



I.N<^I,N 



+ 



n=l 



L"(Ao,Mo) 



L^(0,1) 

N m 



(4.4) 



n=l i=l 



i=l 



L-((0,1),/.) 



i=l 



L3:(0,l) 



where (I4.4p follows from the fact that T/ is a measure preserving regular set isomorphism 
of ^0 onto (0, 1) and since maps atoms to integer points in a one-to-one and onto 
manner. Indeed, restricted on each Aj,0 < i < A^, a^^^T^ is a max-linear isometry 
satisfying 



a/ TrlA, 



L°'{Tr{Ai),\i^M) 



l/a-. 



L°'iTriA,),Xi,N) 



aiXi^N{TrAi) = IJ.{Ai 



We will complete the proof by verifying the minimality of {ft}teT (by Definition 14. 
Let T denote V-span{/(,i E T} and note that g £ Q = \/-spa.n{gt, t G T}. Since 
Tr{g/g) = Is/jvi by (j4.3p . we obtain that 



fi,N{s) :-- 



«o 1 



(0,1) (sj + > a 

n=l 



N 



l{n}('S) belongs to J^. 



(4.5) 



This implies supp(//_7v) = supp(J^) = Sj^n-, and whence (i) in Definition 14.11 holds. To 
verify (ii), observe that by (gSD and LemmajXH /1//2 = Trigxj g) jTr^g-ij g) = Trigxlg^) 
for all 91,52 £ Q- Therefore Tr{p{G)) = p{J^), and since, as shown above, the regular set 
isomorphism Tr maps p{G) onto Bsj j^, it follows that (ii) holds. □ 

Remark 4.1. Theorem 14.11 shows the existence of minimal representations with stan- 
dardized support. One can have many minimal representations whose supports are not 
necessarily standardized in the same way. For example, in the proof of Theorem 14.11 
we could define A/^at on Sj^jy so that restricted on the atoms Ai, 1 < i < N, we have 
dXi,N = o.]^°'dXi^]\f. In this case, one obtains a finite measure Xj^n on Sj^n as discussed 
in Rosihski [26] (p. 626) for the case of symmetric a-stable processes. Our measure 
Xj^N may be infinite, since it is a counting measure on the atoms. 

Remark 4.2. Theorem 14.11 can be seen as a generalization of Theorem 4.1 in de Haan 
and Pickands III [8]. Instead of minimal representation, proper representation is involved 
therein. A spectral representation is proper if the spectral functions {ft}teT satisfy (i) 
supp{/t ,t £ T} = S , fi-a.e. and (ii) Vi? G Bs, either there exists A £ p{{ft , t S T}) such 
that p{AAB) = or there exists an atom A £ p{{ft,t G T}) such that p{B n A) > 0. 
This definition is closely related to our definition of minimality, in the sense that any 
proper representation can be transformed into a minimal one. Indeed, this essentially 
involves contracting the atoms to points as in the proof of Theorem 14.11 
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Consider the canonical max-linear isometry U relating two spectral representations 
as in ()4.ip . Theorem 13.21 implies that U extends uniquely to a max-linear isometry 
U : TZe,+ {J^^^^) — > T^e.+ C-^*-^-*) between extended positive ratio spaces, where T^^^ = 
V-span{/j*^ : t G = 1,2. Now, if the first spectral representation {f^^^}t£T is 

minimal, then by Lemma 13.41 TZe^j^{J-^^^) = L'^{Sj^n, ^i,n)- In this case, one can also 
represent U in terms of measurable point mappings. This point mapping representation 
is developed in the following result. It will be essential for our studies in Sections [5] and 

El 

Theorem 4.2. Let {ft}t€T C A/^tv) o-nd {gt}teT C L'^{S,fj,) be two spectral 

representations of an a-Frechet process {Xt}teT- Let U be the relating max-linear 
isometry of {ft}teT CLnd {gt}teT- If {ft}teT is minimal and {gt}teT is arbitrary, then 
(i) U can be uniquely extended to L'^{S[^iy, ^i,n); 

(a) U can be represented by measurable functions ^ : S ^ Sj^n o,nd h : S ^ R+ \ {0}, 
such that $ is onto, and the following statements hold: 

gt{s) = Uft{s) = h{s){fto<!>){s), /x-a.e., (4.6) 

and 

dXi,N = d{fihO $-1) , (4.7) 
where d^h{s) = h{s)°'dfi. $ is unique modulo ^. 

Proof. Let F and G denote {ft}t&T and {gt}teT respectively. By Theorem 13. 2| there 
exists a regular set isomorphism Tr from Bsj jv onto p{G) such that 

gt{s) = Uft{s) = {Trft){s) (s), /x-a.e. ,Vt G T, 

for some function with full support /q G V-span{/t, t G T}. In the last relation we 
used the facts that Tr{l/fo) = l/Tr{fo) and Tr{ft/fo) = Tr{ft)/Trifo) (Lemma [A?l]) . 
Moreover, we have that 

{Ufor dfi = difiij, o T-^) = {TrfoT d {Xi,N o T-i) , /x-a.e. . (4.8) 

By Theorem 32.5 in Sikorski ^33j, the regular set isomorphism Tr can be induced by a 
point mapping $ from S onto S'/^at such that Trf = / o <!>, for all measurable functions 
/ defined on S/.at. Moreover, <I> is unique modulo fi. Note that in general ^ is not 
one-to-one, because of the possible presence of atoms in (5, p{G), fi). To show that (j4.7p 
is true, let 

Trfo Jo o * 

Note that by Lemma (3^ h{s) > 0,/i-a.e.. Put 

( h{s) irhis) > ^^^^ j^a^ (4.9) 
^ ^ \ 1 if h{s) = t-h ^^ K J 

Observe that h is a measurable function from S to IR+ \ {0}. Thus, relation (|4.7p follows 
by (14. 9p and (14. Sp . This completes the proof. □ 
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Remark 4.3. Relation (|4.7|) and the fact that h{s) > for all s imply that /i o $ ^ ~ 
A/,Ar. 

Now, if both representations in Theorem 14.21 are minimal, we have the following: 

Corollary 4.1. If {f^^^}ti=^T ,i = 1)2 are two minimal representations of an a-Frechet 
process {Xt}t£T with standardized support {Sj.^n-, Xj.^n-) ,i = 1,2, then the relating 
max-linear isometry U from L'^{Si^^j\fi, ^h^Ni) ^'^^'^ L"l^[Si^^N2i^l2,N2) determined 
by, unique modulo Xi2,N2! functions $ : Sj^^jy^ "S't'lATi and h : Si2,N2 ~^ ^+ \ {0} such 
that ^ is one-to-one and onto and, for each t £ T, 

/f (s) = Ufi'\s) = h{s) (/i^) o is) , Xi2,N2-a.e. (4.10) 

and 

%^(.) = M«r, X,,,.2-a.e.. (4.11) 

An important consequence of Corollary 14.11 is the following. 

Corollary 4.2. Let {ff^}t(=T,i = 1,2 be as in Corollary 14- 1\ Then 

= l2 = I and Ni = N2 = N . 

Moreover, the relating max-linear isometry U : L'i^{Sj^iy, Xj^jy) L'^{Si^n, Xj^n) satis- 
fies 

(i) if 1 = 1, thenyf £ 1^(0, 1), 

C/=(;5A^)°(/o*,),A-a,«., (4,12) 

where X is the Lebesgue measure on (0, 1), is a point map from (0, 1) onto (0, 1), and 

(ii) ifN^O, then V/ G L^(5/,7v n N, A/,7v), 

C// = /o$jv, (4.13) 
where is an automorphism of Sj^n H N. 

Proof. We start by recalling that U is induced by Ty, which is an one-to-one isomorphism 
modulo A/^AT-null sets from Bsj^ onto Bsj^ (by Theorem 13. 2p . Since is a regular 
set isomorphism, one has that for all A,B £ Bsj_^ ' 

Xl,,NM)^hMB \A) = 0^ Xl,,N2{TrA)Xl,,N2{TrB \ TrA) =0. 

Thus Tr maps atoms to atoms and non-atomic sets to non-atomic sets. Hence, 

Tr {Bs,,,^, n (0, 1)) c Bs,^^^^ n (0, 1) and (^Bs,^ ,,^ n n) c n M . 

Since Tj. is onto, we also have that 

Tr {bs,^,^, n (0, 1)) = n (0, 1) and Tr [bs,^^^^ n n) = Bs,^^^^ n N . 

This implies that Ii = l2- Moreover, since Tr is one-to-one and onto, we have A'^i = 
This also shows that Tr : Sj^jy H N ^ Sj^jy n N is a bijection where I := Ii = I2 and 
N := Ni = N2. By Corollary S^l it follows that (i) and (ii) holds. Note that in (ii) we 
have simpler formula for Uf. This is because that on the discrete part Sj^iy R N, the 
function h{s) defined in (j4.1ip equals 1. □ 
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Remark 4.4. Theorem 14.21 and Corollary 14.11 are valid even if the minimal representa- 
tions therein do not have standardized support (see Theorem 4.1 and Theorem 4.2 in [8] 
for results on discrete processes; see also Theorem 2.1 in Rosihski [27j for analogous 
result in the sum-stable setting) . The advantage of having minimal representation with 
standardized support is shown in Corollary 14 . 2 1 and further exploited in the next section. 



5 Classification of a— Frechet Processes 

We now apply the abstract results on max~linear isometrics and minimal representa- 
tions to classify a~Frechet processes. The first classification result is an immediate 
consequence of the notion of minimal representation with standardized support and it 
applies to general max-stable processes. 



5.1 Continuous— discrete decomposition 

Consider an a-Prechet process X = {Xt}teT, which has a minimal representation 
with standardized support {ft}t£T C L'^{Si^n, ^i,n)- By Corollary 14.21 the support 
(S/^AT, A/^iv) is unique. We therefore call S/^at the standardized support of X and focus 
on the continuous and discrete parts of S/^at, respectively: 

Sj := Si, Nn (0,1), and S^v := 5/,7V n N. 

Let fl = ft'i-Si, and = ft'i-SN be the restrictions of the fts to Sj and Sn, respectively. 
One can write: 

{Xj,eT = {x/vXf}^^^, (5.1) 

where 

■■=J fl{s)M^{ds) and := T //^(s)M„(ds) , (5.2) 

are two independent a-Frechet processes. The following result shows that the decom- 
position ()5.ip does not depend on the choice of the representation {ft}t£T- 

Theorem 5.1. Let {Xt}t£T be an a-Frechet process with minimal representation of 
standardized support {ft}teT C L" (S'/^at, A/^iv). Then: 
(i) The decomposition ()5.1|) is unique in distribution. 

(a) The processes X^ = {X/I^gj- and X^ = {X^^t^T cl^c independent and they have 
standardized supports Sj and Sn, respectively. 

(Hi) The functions {ft}teT C L"(S'/, A/) and {fl^}teT C L'^{Sn, ^n) provide minimal 
representations for the processes X^ and X^ , respectively. 

Proof. To prove (i), suppose {gt}teT C L'^{Si,n, ^i,n) is another minimal represen- 
tation of X with standardized support and consider the decomposition {Xt}ttzT = 
{y/vy,^}^^^, where 

gl{s)Ma,{ds) and Yf := {s)M^{ds) ,\/t ^ T . 

By Corollary l4.2l the relating max-linear isometry U of {ft\t<^T and {gt}t<^T is such that 
for all t E T, U{fl) = gl and U{fl^) = g^^ . Moreover, U remains a max-linear isometry 
when restricted to Sj and Sn, and hence 

{xDt^T = {Yt'WT and {X?]teT = {Y^^Wt ■ 
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The last two relations imply that the decomposition (j5.1|) does not depend on the choice 
of the representation. The components and {X[^}t^T are independent since 

they are defined by extremal integrals over two disjoint sets Sj and Sj\f. The minimality 
of {ft}teT implies the minimality of {fl}t&T and {ft'}t£T, restricted to Sj and Sn, 
respectively. This completes the proof, since the supports Sj and Sn of {ft}teT and 
{//^ItGT are standardized (Definition 14. 2p . □ 

The processes and {X^}t,=-T in the Decomposition (|5.1|) will be referred to 

as the spectrally continuous and spectrally discrete components of X, respectively. The 
next result clarifies further their structure. 

Corollary 5.1. Let {ft}teT O'nd {gt^ti^T be two minimal representations with standard- 
ized support of an a-Frechet process {Xt}teT- Then, the relating max-linear isometry 
U of these representations, has the form 

Ufl=[^^^^y\fIo'^i)=d and [//f = /,^o$^ = 5f ,A-a.e., Vt G T, 

(5.3) 

where <!>/ is a point mapping from Sj onto Sj and <l>jv is a permutation of Sj\f ( a one- 
to-one mapping from Sn onto Sn). 

The proof is an immediate consequence of Relations (|4.12|) and (|4.13|) above. This 
result shows that the discrete component of an a-Frechet process has an interesting 
invariance property. Namely, suppose that X has a non-trivial discrete component 
X^ = {Xl^}t£T- By Corollary 15. H there exists a unique set of functions t 4>t{i), i G 
Sn, t ^T, such that: (i) supp{0j, t G T} = Sn, (ii) p{(/)t, i G T} = Bsj ^ = 2'^^ and 
(Hi) J2i<i<N 4>t{i)°' < oo, for all t G T and 

N 

1=1 

where Zi, 1 < i < N are independent standard a-Frechet random variables. The 
functions t ^ (ptii), 1 <i < N do not depend on the particular representation of X^ . 
By analogy with the Karhunen-Loeve decomposition of Gaussian processes (see e.g. p57 
in [H]), we call the functions 1 1— > (j)t{i) the discrete principal components of X. 

Proposition 5.1. The finite or countable collection of functions {t i— > 0t(i), i G Sn, t G 
T}, G N U {oo} can be the discrete principal components of an a-Frechet process, if 
and only if, the representation {4>t}teT C L'^{Sn,\n) is minimal. 

The proof is trivial. We state this result to emphasize that not every collection of non- 
negative functions can serve as discrete principal components. The minimality constraint 
can be viewed as the counterpart of the orthogonality condition on the principal com- 
ponents in the Gaussian case. The following two examples illustrate typical spectrally 
discrete and spectrally continuous processes. 

Example 5.1. Let Zj, i G N be independent standard a-Frechet variables and let 
gt{i) > 0, t G T be such that XligN^f (0 < ^o'^ t £ T. It is easy to see that the 
a-Frechet process 

Xt := V gtii)Z, = [ gtdM^, t G T, 
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is spectrally discrete. That is, X = {Xt}t£T has trivial spectrally continuous component. 
Indeed, this follows from Theorem 14. 21 since the mapping $ therein is onto, and thus the 
set <5(N) = Si^N is necessarily countable. 

Example 5.2. Consider the well-known a-Frechet extremal process (a > 0): 

{XaieK+ = {7 l(o,t](^)^aW| ^ , (5.4) 

where Ma has the Lebesgue control measure on The process X = {Xt}teM.+ can be 
viewed as the max-stable counterpart to a sum-stable Levy process. This is because X 
has independent max-increments, i.e., for any = to < < ■ ■ ■ < ^n, 

(Xt,,...,Xtji(6,6v6,...,6v---vCn), 

where = Ma((t(j_i), ti]), 1 < i < n. The representation in (15.40 is minimal but its 
support is not standardized. Let 

/i(s):=s-i/"l(o,t](log(l/s)), SG(0,1), 

and observe that ft{s) G L^((0, 1), ds). By using a change of variables one can show 
that 

{Xt}tm+ = I 7 /t(s)M„(ds)| , 
I 7(0,1) J 

where the last representation is minimal and has standardized support. Thus, the a- 
Frechet extremal process X is spectrally continuous. 

5.2 Classification via co— spectral functions 

Here we present a characterization of a-Frechet processes based on a different point of 
view. Namely, instead of focusing on the spectral functions s i— > /t(s), we now consider 
the co-spectral functions t ^ ftis), which are functions of t, with s fixed. To be able 
to handle the co-spectral functions, we suppose that T is a separable metric space with 
respect to a metric pT and let T be its Borel cr-algebra. We say that the spectral 
representation {ft{.s)}t<^T C L°^{S, fi) is jointly measurable if the mapping (t, s) i— > ft{s) 
is measurable w.r.t. the product cr-algebra T ® S := a{T x S). The following result 
clarifies the connection between the joint measurability of the spectral functions ft{s) 
and the measurability of its corresponding a-Frechet process. 

Proposition 5.2. Let (5*, /i) be a standard Lebesgue space and (a > Q) be an a- 

Frechet random sup-measure on S with control measure //. As above, let (T,pt) be a 
separable metric space. 

(i) Let X = {Xt}teT have a spectral representation {ft}teT C L"{S,p) as in ()2.4p . 
Then, X has a measurable modification if and only «/{/t(s)}ter has a jointly measurable 
modification, i.e., there exists a T Bs— measurable mapping {s,t) ^ gt{s), such that 
ft{s) = gtis) ii-a.e. for all t eT. 

(a) If an a-Frechet process X = {Xt}teT has a measurable modification, then it satisfies 
Condition S (see Definition \2.S^) . and hence it has a representation as in (j2.4p . 
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The proof is given in Appendix. The above result shows that for a measurable a-Prechet 
process X = {XtjtgT, one can always have a representation as in (12. 4p . with jointly 
measurable spectral representations. Conversely, any X as in (j2.4|) with measurable 
spectral functions has a measurable modification. 

Let now A be a cr-finite Borel measure on T. We will view each /.(s) as an element of 
the classes L^{T,T, A) of non-negative T-measurable functions, identified with respect 
to equality A~almost everywhere. Recall that a set V C L5j_(T, T, A) is said to be a 
positive cone in L^{T,T, \), ii cP C V for all c > 0. Two cones Vi and V2 are disjoint 
if Vir\V2 = {0}. 

We propose a general strategy for classification of a-Frechet processes, based on 
any collection of disjoint positive cones Vj C L^{T,T,X), 1 < j < n. For any a- 
Frechet process X = {Xt}teT with jointly measurable representation of full support 
{ft{s)}teT C L"(S', ;u), we say the representation has a co-spectral decomposition w.r.t. 
{'Pj}i<j<n, if there exist measurable sets S^^\ I < j < n, such that 

n 

S^^^ C {s e S : f,{s) e Vj}, l<j<n and \ U S^^^) = . (5.5) 

i=i 

The sets S^^\ ^ < j < n are modulo /u disjoint. Indeed, Let A := {s €^ S : f.{s) = 0} and 
note that fJ-{A) = by the fact supp{/t, t G T} = S modulo fi and Fubini's Theorem. 
Since Vj nVk = {0}, we have that S^^'^ n S'C') = A for ah 1 < j / /c < n. That is, the 
space S is partitioned into n modulo fi disjoint components: 

S = U ••• U5(") mod//, with /x(5(^) n S(*^)) = 0, j / A;. (5.6) 

This yields the decomposition: 

{Xt}teT = {xl'^y---yxl-^}^^^, (5.7) 

with: 

Xi'^ ■■= 7 ft{s)Ma{ds), 1 < i < n , Vt G T. 
Jsu) 

Note that given a spectral representation {/t}teT C L'^{S,fi), the co-spectral decompo- 
sition is defined modulo /i-null sets and the induced decomposition is invariant w.r.t. the 
versions of the decomposition. Namely, if there is another co-spectral decomposition 
w.r.t. {Vj}i<j<n, say S = Ui<j<n ™od then from ()5.5p and the disjointness 

of {Vj}i<j<n, it follows that fj,{S^^^ n S^^^) = 0, 1 < j < n. This yields the same 
decomposition (|5.6|) . 

Moreover, the decomposition is invariant w.r.t. the choice of spectral representation. 

Theorem 5.2. Suppose {Vj}i<j<n are disjoint positive cones in L^{T,T, X). For any 
a-Frechet process {Xt}teT with measurable spectral representation {ft}teT C L"{S,fj,), 
suppose {ft}teT has a co-spectral decomposition w.r.t. {Vj}i<j<n- Then, 

(i) the decomposition (|5.7p is unique in distribution. 

(ii) the components {xj:''^}t^T, 1 < j < are independent a-Frechet processes. 

The proof is given in Appendix. In the special case when n = 1, Theorem 15.21 vields 
the following: 
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Corollary 5.2. Let X = {Xt\teT be an a-Frechet process with two jointly measur- 
able representations {fl:^\s)}t(^T C L"{Si,^i), i = 1,2. Consider a positive cone 
V C L%{T,T,\). If f^'^\s) G V, for ^-almost all s e Si, then /.^^^(s) e V, for 
IJ,2~almost all s £ 82- 

Corollary 15.21 can be used to distinguish between various a-Prechet processes in 
terms of their co-spectral functions. For example, any measurable representation of 
the a-Frechet extremal process in ()5.4p should involve simple indicator-type co-spectral 
functions with one jump down to zero. The next result shows another application of 
Corollary E2I 



Corollary 5.3. Consider the moving maxima a-Frechet random fields: 
™teM^ = {7 fit-s)MUds)} and {yj^^^. 4 | 7 g{t - s)M^ids)} 

with d G N, where f and g belong to L^(]R'^,A). Here is a an a-Frechet random 

sup-measure on with the Lebesgue control measure. We have {Xt}teT = {^tjtGT? if 
and only if g{x) = f{x + r), almost all x G , with some fixed r G . 

Proof. The 'if part is trivial. To prove the 'only if part, introduce the cone Vj = {c/(- + 
t), c > 0, r G W^}. Corollary 15.21 implies that g{-) G "P/, and hence g{x) = c/(x + t). 
Since 

= [ 9''{x)dx = [ r{x)dx, 



it follows that c = 1. This completes the proof. □ 

Theorem 15.21 is a general result in the sense that the cones {'Pj}i<j<n may be as- 
sociated with various properties of the co-spectral functions t ^ ft{s) of the process 
X. UT = R'^, d>l, for example, one can consider the cones of co-spectral functions 
that are: differentiable, continuous, integrable, or (3-Hdlder continuous. Every choice 
of cones leads to different types of classifications for measurable a-Frechet processes 
or fields X = {Xt}t<^T- We conclude this section by giving two important examples of 
classifications, motivated by existing results in the literature on sum-stable processes. 

Remark 5.1. Note that, instead of (|5.6p . one may want to define S'^^^ := {s : f.{s) G 
'Pj}: ^ ^ j ^ n. However, for certain cones, the S^^^^s defined in this way may not be 
measurable. See Example 15. 4[ 

Example 5.3 (Conservative-dissipative decomposition). Let X = {Xt}teT be 
an a-Frechet process with measurable representation {ftis)}teT C L'^{S,^). Consider 
the following partition of the set 5 = C U D with 

C := \^s : s £ S , J f^{s)X{dt) = 00} and D := \^s : s £ S , J f^{s)X{dt) < 00} . 

(5.8) 

Note that C and D = S \ C are both 5-measurable since ft{s) is jointly measurable. 
Observe that this partition of S yields the decomposition: 

{Xt}teT = {xfyXl'}^^^, (5.9) 
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where = {Xf}teT and = {XP}teT are defined as: 

ftdMa and = / ftdM^, Vt G T. (5.10) 

Here Mq is an a-Frechet random sup-measure with control measure 

The decomposition in (j5.9p corresponds to the general decomposition in (j5.7|) . In- 
deed, the co-spectral functions of the component belong to the positive cone of 
integrahle functions, while those of X'-' belong to the cone of non-integrable functions. 
By Theorem 15.21 the decomposition ()5.9p does not depend on the choice of the rep- 
resentation. The components and X^ of X are independent and they are called 
the conservative and dissipative parts of X, respectively. The Decomposition (15. 9p is 
referred to as the conservative-dissipative decomposition. 

Example 5.4 (Positive-null decomposition). Following Samorodnitsky [ST], con- 
sider T = M or Z. Introduce the class W of positive weight functions w : T ^ R+: 

W := : J w{t)X{dt) = oo, 'w{t) and w{—t) are non-decreasing on T f] (0, oo)|. 

(5.11) 

Now we consider the cone 

Vpos := {/ e Ll{T,X) : j^w{t)f^\{dt) = oo, for all G w} 

and its complement cone PnuU := {0} U (L^{.(T, A) \ "Ppos)- 
This choice of cones yields the decomposition 

{Xt]t^T = {xryxr%^T. (5.12) 

where 

Xr :=! ft{s)M^{ds) and X^'' := ' [ ft{s)Ma{ds), yt e T , (5.13) 
Jp Jn 

with P and N, measurable subsets of S, satisfying /i(P n N) = 0, fj.{S \{PU N)) = 
and 

/.(s) GPpos,VsGP and /.(s) G Pnull, Vs G iV . (5.14) 

The components XP°^ = {Xf°''}t^T and X™" = {Xf""}teT in (I57L3I1 are said to be 
the positive and null components of the process X, respectively. By Theorem 15.21 
Decomposition (I5.12p does not depend on the choice of the measurable representation 
{/t(s)}tgT C L'^{S,fi). It is referred to as the positive-null decomposition. 

Note that, a technical difference between this example and Example 15.31 is that the 
set P := {s : /.(s) G "Ppos} niay not be measurable, even when ft{s) is jointly measurable. 

In the following section, we will study the above decompositions in more detail, for 
the case of stationary max-stable processes. 



6 Classification of Stationary a— Frechet Processes 

In this section, we focus on stationary, measurable max-stable processes X = {Xt}teT, 
where T = M or T = Z is equipped with the Lebesgue or the counting measure A, 
respectively. In this case, the process X can be associated with a non-singular flow. 
Therefore, as in the symmetric a-stable case, the ergodic theoretic properties of the 
flow yield illuminating structural results. 
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6.1 Non— singular flows associated with max— stable processes 

Following Rosinski [27] (see also Appendix A in [23] ) , we recall some notions from ergodic 
theory. 

Definition 6.1. A family of functions (j) = {(j)t}te.T^ (j)t ■ S ^ S for all t G T, is a flow 
on {S, B, fj,) if 

(i) (pt^+tiis) = (ptii'PtA''^)) yh,t2 €T ,s £ S. 

(ii) (j)o{s) = s ,^8 £ S. 

A flow (f) is said to be measurable if (ptis) is a measurable map from T x 5" to 5; A flow 
(f) is said to be non-singular if fi{<p^^{A)) = 44> /x(A) = 0,V^ £ B ,t £ T. 

The next result relates the spectral functions of stationary a-Frechet processes to flows. 

Theorem 6.1. Let {Xt}teT be a stationary a-Frechet process. Suppose that X has a 
measurable representation {ft}teT C L° (S'/^at, A/^at), which is minimal, with standard- 
ized support. Then, there exist a unique, modulo Xi^n, non-singular and measurable 
flow {(j)t}teT such that for each t £ T, 

Ms) = I^^^^^M^'^ o </>,)(«) , Xj,N-a.e. . (6.1) 

Theorem 16.11 is stronger than Theorem 6.1 in [8j, where the measurability is not 
considered and the flow structure is not explicitly explored. The proof is given in 
Appendix IA.2I For the readers familiar with Rosihski's work [27], this result is similar 
to Theorem 3.1 therein. In view of this result, we will say that a stationary a-Frechet 
measurable process {Xt}t£T is generated by the non-singular measurable flow {4>t}teT 
on {S,n) if it has a spectral representation {ft}teT C L'^{S,fi), where: 

/.= (^^)''"(/oo^.), ;.-a.e., (6.2) 

and 

supp{/o o (p^- : t £T} = S, fi-a.e. (6.3) 

Note that in the representation (j6.2p and (j6.3p . we do not assume {ft}teT to be mini- 
mal. However, the minimality plays a crucial role in the proof of the existence of flow 
representations in Theorem 16. li 

Definition 6.2. We say two measurable non-singular flows {(p[^^}teT and {(p[^^}t£T 
on {Si,^i),i = 1,2, are equivalent, written {0^^^}^^^ ~* {(p[^^}t£T, if there exists a 
measurable map ^ : S2 ^ Si such that: 

(i) There exist iVj C Si with fJ.i{Ni) = 0,i = 1,2 such that <I> is a Borel isomorphism 
between ^2 \ N2 and Si \ iVi. 

(ii) /ii and /U2 o are mutually absolutely continuous. 
(Hi) (/)[^^ o <I) = <!> o (^|^^^2-a-e. for each t £ T. 

The next result shows the connection between different flows generating the same 
stationary a-Frechet process {Xt}t£T- The proof is given in Appendix I A. 21 
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Proposition 6.1. Let {Xt}t£T be a measurable stationary a-Frechet process. 

(i) Suppose {(p^P^t&T is a flow on and {Xt}teT is generated by {(p[^''}t£T with 

spectral function /q^^ S L"(5i,/xi). If {cl)^^^}teT is another flow on {82,112) cLnd it is 

equivalent to {(t)l^}t£T via then {Xt\t£T can also be generated by {(l)f'''}t£T with the 
spectral function 

Moreover, if {f[^^^t£T is minimal, then {f^'^^}t£T is minimal. 

(a) If {Xt}teT ho,s two measurable minimal representations generated by flows {(j)[^^}ti^T 
on {Si,iJ,i) for i = 1,2, then {(j)^f^^}teT ~* {4'i^'^}t&T o.nd (|6.4p holds, for some <^ satis- 
fying conditions in Definition \5.2l 

Remark 6.1. Not all flow representations are minimal. Proposition 16 . 1 1 shows . however, 
that any two flows corresponding to minimal representations of the same a-Frechet 
process are equivalent. 

6.2 Decompositions induced by non— singular flows 

The decompositions introduced in Examples 15.31 and 1 5 . 41 are motivated by corresponding 
notions from ergodic theory. 

Definition 6.3. Consider a measure space {S, ^) and a measurable, non-singular map 
(j) : S ^ S. A measurable set i? C is said to be: 

(i) wandering: if <j)~"{B), n = 0, 1, 2, • • • are disjoint. 

(ii) weakly wandering: if 4>~'^^{B), n^, G N are disjoint, for an infinite sequence = 
no < Hi < ■ ■ ■ . 

Now we give two decompositions for max-stable processes. Their counterparts for 
sum-stable processes have been thoroughly studied (see [27] and [31]). 

HoPF (conservative-dissipative) decomposition. The map (j) is said to be 
conservative if there is no wandering measurable set B C S, with positive measure 
n{B) > 0. One can show that for any measurable, non-singular map (f) : S ^ S, there 
exists a partition of S into two disjoint measurable sets S = C U D, C Ci D = ^ such 
that: (i) C and D are (?!)— invariant; (ii) : C — > C is conservative and D = Ukez4'^{B), 
for some wandering set B C S. This decomposition is unique (mod fi) and is called the 
Hopf decomposition of S with respect to (p. If the component C is trivial, i.e. //(C) = 0, 
then 4> is said to be dissipative. The restrictions 4> : C ^ C and (p : D ^ D are the 
conservative and dissipative components of the mapping (j), respectively. 

Now, given a jointly measurable, non-singular flow {t,s) ^ <Ptis), t £ T, s £ S, 
one can consider the Hopf decompositions S = Ct L) Dt for each cpt, t G T \ {0}. 
By the measurability however, it follows that ii{CtAC) = fi{DtAD) = 0, for some 
CnD = 0, S = C U D (see e.g. [271 IB])- One thus obtains that any measurable non- 
singular flow {(l)t}teT has a Hopf decomposition S = C U D, where (j)'-^ := {4>t\c}t&T and 
(j)^ := {(f)t\£)}t£T are conservative and dissipative flows, respectively. 

The following result is an immediate consequence from the proofs of Theorem 4.1 
and Corollary 4.2 in Rosihski [27 \ . 
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Theorem 6.2. Let X = {Xjjjgy a stationary a-Frechet process with measurable 
representation {ft{s)}t£T C L'i^{S,fi) of full support. Then: 
(i) X is generated by a conservative flow, if and only if, 

/"(s)A((it) = oo, for ^-almost all s G S; 

(a) X is generated by a dissipative flow, if and only if, 

f^{s)X{dt) < oo, for fi-almost all s G 5. 

(Hi) If X is generated by a conservative (dissipative) flow in one representation, then 
so is the case for any other measurable representation of X. 

This result justifies the terminology in the conservative-dissipative decomposition of 
Example 15.31 In particular, the sets C and D in ()5.9p correspond precisely to the con- 
servative and dissipative parts in the Hopf decomposition of the flow {(f)t}t£T associated 
with the process X. 

Positive-null decomposition. Recah the notion of weakly wandering set (Defini- 
tion's]). If one replaces 'wandering' by 'weakly wandering' in the Hopf decomposition, 
one obtains the so-called positive-null decomposition of S. Alternatively, the map (p is 
said to be positive, if there exists a finite measure v ^ fi, such that (p is z^-invariant. In 
this case, there are no weakly wandering sets B of positive ^-measure (or equivalently, 
z/-measure). For any non-singular map (j), there exists a partition S = P L) N , unique 
modulo /i, such that P and N are disjoint, measurable and (/(-invariant. Furthermore, 
(/) : P — > P is positive, and A'^ = Ufc>o0~"''(-B), for some disjoint (/i""* (i?)'s, where B is 
weakly wandering. The set N (P resp.) is called the null-recurrent (positive-recurrent) 
part of S, w.r.t. the map (j) (see e.g. Section 1.4 in |lj). 

As in the case of the Hopf decomposition, a jointly measurable, non-singular flow 
{'Pt}teT gives rise to a positive-null decomposition: S = P U N, where fi{PtAP) = 
fi{NtAN) = 0, for all t G T \ {0}, and where = Pt U A^ is the positive-null decompo- 
sition of the map (j)t, t G T \ {0} (see e.g. [3T|fT8]). 

Theorem 2.1 of Samorodnitsky |31j about symmetric a-stable processes applies mu- 
tatis mutandis to the max-stable case: 

Theorem 6.3. Let X = {Xt}teT be a stationary a-Frechet process with measurable 
representation {ft{s)}t£T C L"(S', /i) of full support. Then: 

(i) X is generated by a positive flow, if and only if, for all w G W, 

w{t)fD^{s)X{dt) = oo, for fi-almost all s S, 
where W is as in (jS.lip . 

(ii) X is generated by a null flow, if and only if, for some w G W, 

w{t)f^{s)X{dt) < oo, for fi-almost all s G /S. 

(Hi) If X is generated by a positive (null) flow in one representation, then so is the case 
for any other measurable representation of X. 
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As in the Hopf decomposition, Theorem 16.31 shows that the components X^°^ and 
^nuU -j^ ^j^g decomposition (I5.12p are generated by positive- and nuh-recurrent flows, 
respectively. This is because the sets P and N in (|5.14p yield the positive-null decom- 
position of a flow {(t)t}teT associated with X. 

6.3 Structural results, examples and open questions 

Here, we collect some structural results and observations on the interplay between the 
three types of classifications of max-stable processes discussed above. Namely, (i) 
continuous-discrete (ii) conservative-dissipative and (in) positive-null. 

Theorems 16.21 and 16.31 imply that the positive component of a max-stable process is 
conservative and the dissipative one is null-recurrent. Thus, for a measurable stationary 
a-Prechet process {Xt}t£T, we have the decomposition: 



where XjP = Xf°^ V '"'^^^ and Xf^^^ = '""^^ V Xf^tGT. Here XP°^ X^'""" and 



X are independent a-Frechet processes. X^"^ is positive-recurrent and conservative, 
X^ is dissipative and null-recurrent, and X*-^'™" is conservative and null-recurrent. We 
will see that the X^ is precisely the mixed moving maxima. Moreover, we show that 
the spectrally discrete component has no conservative-null component x'-"'^'^^^. 

The following theorem shows that the purely dissipative stationary a-Frechet pro- 
cesses are precisely the mixed moving maxima. 

Theorem 6.4. Let {Xt}t£T be a measurable stationary a-Frechet process. This process 
is generated by a dissipative flow if and only if there exist a Borel space W , a a -finite 
measure u on W and a function g G L° (M^ x T, A) such that 



Here is an a-Frechet random sup-measure onW xT with the control measure i"S>X 
and A is the Lebesgue measure i/T = M and the counting measure ifT = 'L. Moreover, 
one can always choose {W,v) and g such that the representation gt{x,u) := g{x,t + u) 
is minimal. 

Proof. Since (7 G (VFxT, i^® A), the Fubini's theorem implies Jj, g{x,t-\-u)°'X{dt) < oo, 
for almost all {x, u) £ W x T. This, in view of (15. 8p implies that X is dissipative.. 

The 'only if part follows as in the proof of Theorem 4.4 in Rosiiiski [27] from the 
results of Krengel [17J. □ 

Remark 6.2. Theorem 16. 41 parallels the fact that the class of stationary and dissipative 
symmetric a-stable processes is precisely the class of mixed moving averages (see Theo- 
rem 4.4 in [27|). Recently, Kabluchko [15] established the same result as in Theorem 16.41 
by using an interesting association device between a-Frechet (a G (0, 2)) and symmetric 
a-stable processes. 

As shown in [31], the mixed moving maxima processes are mixing and hence ergodic. 
Thus, Theorem 16.41 implies that the dissipative component of a max-stable process is 
mixing. On the other hand, Samorodnitsky ^31j has shown (Theorem 3.1 therein) that 




(6.5) 



{Xt}teT 
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stationary symmetric a-stable processes are ergodic if and only if they are generated by 
a null-recurrent flow. Kabluchko [T5| (Theorem 8 therein) has shown that this continues 
to be the case for stationary a-Frechet processes. 

The previous discussion shows that the ergodic and mixing properties of the null and 
dissipative components are in hue with the decomposition Xf^^i = Xf^ V t £ T. 



An example of conservative-null flow can be found in [31]. This yields non-trivial 
examples of sum- and max-stable processes that are conservative and null. We are not 
aware, however, of an example of an ergodic max-stable process that is not mixing. 

The next two results clarify the structure of the stationary spectrally discrete pro- 
cesses in discrete (T = Z) and continuous (T = R) time, respectively. We first show that 
for spectrally discrete stationary max-stable time series, the conservative-dissipative and 
positive-null decompositions coincide. That is, such processes have no conservative-null 
components. Moreover, the dissipative (equivalently null-recurrent) component does not 
exist if the time series has only finite number of principal components. 

Proposition 6.2. Let X = {Xt}teT, with T = Z be a stationary a-Frechet process 
(time series). 

(i) X^ has no conservative-null component, i.e. x^''-"'^'^^^ = 0. 

(ii) If I < N < oo, then X^ is necessarily conservative, and equivalently, positive 
recurrent. 

Proof. Without loss of generality, suppose X = X^ and let {ft{s)}t&T C L'^{Sn, Xn) 
be a minimal representation with standardized support for X. We have that 

^'=[ dXj, ) 

where (pt ■ Sn — > Sn is a non-singular flow on {Sn, Xn). Since Sjy C N and A at is the 
counting measure, the non-singular transformations are necessarily measure-preserving, 
i.e., permutations. Thus the term d{Xiy o (l)i)/dXN = 1 and ft{s) = /o o 4>t[s). 

We start by proving (ii). Since c^i : {!,••• , A^} {1, • " " i is a- permutation, 
it has a finite invariant measure and hence the flow {(pt^t^T is positive-recurrent and 
hence conservative. 

Now we prove (i). Note that when 1 < A < oo, we have shown in (ii) that X^ 
is conservative and positive-recurrent. For N = oo, we consider two cases. First we 
suppose that for every s G Sn, the recurrent time 

Ts := inf{t > : 0f(s) = s] (6.6) 

is flnite. Let 0{s) denote the orbit of state s w.r.t. flow {(j)t}t&T-, i-e., i^{s) ■= {(pt{s) : 
t G T}. Every orbit of {0f}tgT is r^-periodic, i.e., |D(s)| < oo. Since N = oo, the total 
number of different orbits must be infinite. Enumerate all the orbits by Di, D2, • • • , so 
that 0(s) = 0,^(5) with vr : Sn N and Sn = UfeeN-^fc- Observe that the orbits are 
disjoint. We now define a finite invariant measure on Sn, equivalent to the counting 
measure: 

A({s}) := 2-^(^)— ^,VsG5^. 

\^tt(s)\ 

This measure is clearly is invariant on each O^, for all A; G N. Since X{Dk) = 2~^, the 
measure A is finite and it is clearly equivalent to the counting measure. Thus, X^ is 
positive and conservative. 
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On the other hand, suppose that there exists a state s with Tg = oo. Then, its 
orbit is infinite and non-recurrent., i.e., = oo. Then, the flow {(j)t}teT is both 

nuh-recurrent and dissipative on Dfc(s). Indeed, the nuh recurrence follows from the 
fact that there is no positive finite invariant measure on Dk{s). The dissipativity follows 
from the remark that Djfc(s) = U^ez 'Pjis) is a disjoint union. We have thus shown that 
{4>t}teT is dissipative and null-recurrent on non-recurrent orbits. □ 

The following result shows that the continuous-time stationary, measurable and 
spectrally discrete max-stable processes are trivial. 

Theorem 6.5. Let X = {XtjtgT, with T = M be a stationary and measurable a-Frechet 
process. If N > 1, then it must be N = 1. That is, the spectrally discrete component 
is the random constant process: {X/^j^giR = {Zj^gK, for some a-Frechet variable 

Z. 

Proof. Let {ft}t&T and {(t)t}t&T be as in Proposition 16.21 Observe moreover that, in this 
case, the (/>t's are measure-preserving bijections, and in view of Theorem 16. H the flow 
{(t>t{s)} is measurable. For any fixed s G Sn, consider defined in (16. 6p . The proof 
consists of three steps. 

(i) We show first that = implies (j)t{s) = s, for all t G M. Indeed, suppose that 
Tg = and note that, by definition, for all n > 0, there exist < < tn,2 < l/n such 
that 0t„,i(s) = (^t„,2(s) = s- Set Tq := UneN Ufcezi*",! + ^(^",2 - *n,i)}- It follows that 
Tq is dense in R and </>t(s) = s, for all t £ Tq. Hence ft{s) = fo ° (ptis) = fois), for all 
t £ Tq. Now, we define a new a-Frechet process Y = {Yt}t£T- 



Since {<j)t}t&T is a flow, (pt is invertible, for any t G Tq. Hence, for all t £ Tq, we have 
(j)t{r) = (pt{s) = s if and only r = s. This shows that, for all t £ Tq, 



which implies that Yt = Yq, almost surely, Wt £ Tq. Moreover, as {(l)t}teT is measurable, 
so is {Yt}t£T by Proposition 15.21 Also, Y = {Yt}t£T is stationary, since it is generated 
by a measure preserving flow. Thus, the stationarity and measurability of Y imply that 
it is continuous in probability (see Theorem 3.1 in [3l]). This, and the fact that Yt = Yq, 
a.s., for all t in a dense sub-set Tq of M, imply that Yj = Yq, a.s., for all t £M. Therefore, 
for the spectral functions, we obtain Ij^^^^^^^j = l^r=s} ^ Sj\f,t £ M. This shows 
that (pt{s) = s,yt£ R. 

(a) We show next that > implies (pTsis) = s. Suppose that (pTsis) 7^ s. Then, as 
above, there exist ii,t2 G (tsjTs + Ts/2) such that (ptiis) = 4>t2{s) = s. But it follows 
that = s for all k £ "L. This, since {ti + k{t2 - ti)}fcGZ n (0,rs) 7^ 0, 

contradicts the deflnition of r^. 

(Hi) Now, we show that it is impossible to have > for all s £ S^. Write = 
{t : 4>t{sQ) = s, for some sq £ Sj\f}- Observe that the set Tg is countably inflnite 
for all s £ Sn such that > 0, since by (ii) above, Ig = {kTs}k&- Note also that 
UsgSjv ~ However, the assumption that > for all s £ Sn would imply 
Uses has cardinality of N equals that of M, which is a contradiction. 




l{.=s} o = l{4,^{r)=s} = l{r=s} = l{-=s} ° 4>Q{r), 
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We now conclude the proof. By (in) above, there must exist s G Sn such that = 0. 
Set D\ = {s £ Sjy ■ (ptis) = s,\/t £ M}. We have already seen in (i) that = implies 
4>tis) = s, for all i G R, whence 9\ is c/i-invariant. Consider now a new a-Frechet process 

{Yt}teT = {7 ft{r)M^{dr)} 
^ JsN\m J 

Since the /t's, restricted to the 0— invariant set Sn \ yield a minimal representation 
for Y = {Yt}t£T with standardized support. This process is generated by the same 
flow {(j)t}teM.^ restricted to Sjy \ 9^. Since > 0, Vs G Sjy \ by (ii), it follows that 

On the other hand, since (f)t{s) = s , Vt G M, s G the minimality of {ft}t£T implies 

that = |5Ar| = 1. Therefore, {Xt}t£T = {Z}teT for some a-Frechet random variable 
Z. □ 

Example 6.1. In contrast with Proposition 16.21 (i), the spectrally discrete component 
of a stationary a~Frechet time series may be dissipative if it involves infinite number 
of principal components. Indeed, by Theorem 16.41 the moving maxima Xt :=^f^f{t + 
s)Ma{ds) = y -^^ f{t + i)Ma{{i}), is dissipative and spectrally discrete, where Mq, has 
the counting control measure on Z. 

Example 6.2. Suppose that {E,£,^) is a probability space, i.e. ^Ji{E) = 1. Let be 
an Q-Frechet random sup-measure on E with control measure which is defined on 
a different probability space. Suppose that {Yt}t&T is a positive stochastic process on 
{E,£,^) such that E^l^" < oo, for all t £T. Then, the a~Frechet process: 

{Xt}teT = \7 Yt{u)Ma{du)} , (6.7) 
I Je J ier 

is said to be doubly stochastic. 

One can show that, in (16.70 . if {Yt}t^T is stationary, then so is {Xt}teT- The Brown- 
Resnick processes discussed in next section shows that the converse is not always true. 



7 Brown— Resnick Processes 



Consider the following doubly stochastic process (see e.g. ^E] and [3i]): 

{X,},e^^rf e'^^-'^^/'dM,] . (7.1) 

Here Wt is a zero-mean Gaussian process defined on the probability space {E,£,fj,) 

with variance a^. Since ^e'^*^'^?/^^ = 1 < oo, the 1-Frechet process in ()7.ip is 

well-defined. The processes having representation (j7.ip were first introduced by Brown 
and Resnick [3] with Wt being the standard Brownian motion. In general, we will call 
{Xt}t£M. as in ()7.ip a Brown-Resnick l-Frechet process. 

Kabluchko et al. [16J have shown that if {WtjtgiR has stationary increments, then 
the Brown-Resnick process {Xt}teM. ™- (!7.ip is stationary. The following interesting 
result about an arbitrary zero-mean Gaussian process with stationary increments and 
continuous paths is obtained by combining the results of [T6] and our Theorems 16.21 and 
16.41 above. 
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Theorem 7.1. Let W = {Wt}teR be a Gaussian zero-mean process with stationary 
increments and continuous paths. If 

lim (Wt — a1/2) = — oo, almost surely (7-2) 

>oo 

then, 

/oo 
f,Wt-a'i/2^^ < OO, almost surely, (7.3) 
-oo 

where a'^ = EW^ = Var(VFt). 

Proof. Let {Xt}t<^M. be the Brown-Resnick process defined in (j7.ip . Note that the pro- 
cess {log Xt}teR is also max-stable but it has Gumbel marginals. Kabluchko et al.[16\ 
have shown that {log Xt}t£R is stationary and hence so is {Xt}ti^M.- Moreover, by The- 
orem 13 in [16j, Condition (|7.2|) implies that {logXt}t£R, or equivalently, {Xt}ti^M,, has 
a mixed moving maxima representation. On the other hand, Theorem 16.41 implies that 
any process with mixed moving maxima representation is dissipative. Dissipativity of 
{Xt}teM. is equivalent to (17. 3p by Theorem 16.21 This completes the proof. □ 

The following question arises. 

Question 7.1. For what general classes of continuous-path, zero mean Gaussian pro- 
cesses {Wt}teR with stationary increments, is the Brown-Resnick stationary process 
()7.ip purely dissipative? 

The next result provides a partial answer to this question for the interesting case when 
W = {Wt}t£R is the fractional Brownian motion (fBm). Recall that the fBm is a zero- 
mean Gaussian processes with stationary increments, which is self-similar. The process 
W is said to be self-similar with self-similarity parameter > 0, if for all c > 0, we 

have that {VFrfjteM = {c^Wt}teM- The fBm necessarily has the covariance function 

2 

WWtWs = \ {\t?" + -\t- sp-^) , with t, s G M, (7.4) 

where < < 1 is the self-similarity parameter of W . The fractional Brownian 
motions have versions with continuous paths (see e.g. [32j). 

Proposition 7.1. The stationary Brown-Resnick processes X = {Xt\teM associated 
with the fractional Brownian motions {Wt}t&R in (17.40 are purely dissipative and hence 
they have mixed moving maxima representations. 

Proof. Without loss of generality, we will suppose that the £Bm W has continuous paths. 
As indicated above, the stationarity of X follows from the fact that W has stationary 
increments (see Kabluchko et al. [16]). Now, by Theorem 16.21 X is dissipative, if and 
only if 

/oo 
exp {Wt-a^/2}dt < oo, almost surely. (7-5) 
-oo 

It is enough to focus on the integral exp {^Wt — /2| dt. By the Law of the Iterated 
Logarithm for fractional Brownian motion (see Oodaira [H]), we have 

lim sup Wt/\/2a^ log log t = 1, almost surely. 

t— >oo 
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Hence, with probability one, for any 5 > 0, there exists Ti (possibly random) such that 
Vt > Ti, we have Wt < (1 + S)\l'la1 log logt almost surely. Moreover, there exists T2 
sufficiently large (possibly random), such that '^t> T^-, we have 



(1 + 5)yj2a^ log log t < all A = ah"^^ /A almost surely, 

where H ^ (0, 1] is the self-similarity parameter of the fractional Brownian motion W . 
Now, let To = max(ri,T2). It follows that 

/ e^*-'^?/^^* < / e(i+^)V2-?iogiog*-a2t^«/2^^ < / ^-^'t^"/i^t < 00 almost surely, 

which implies (j7.5|) since Wt is continuous, with probability one.. □ 

Observe that the above result continues to hold even in the degenerate case H = 1. 
One then has that Wt = tZ, t € M, where Z is a zero-mean Gaussian random variable. 
In this case, the corresponding Brown-Resnick process has a simple moving maxima 
representation. Indeed, for simplicity, let = Var(Z) = 1 and observe that 

Xt := 7 e*^(")-*'/2Mi(dn) = Y e^'^'^^/^e'^'-^^^^^" /Hhidu). 
Je Je 

Note that the measure I'iA) := l{z(M)GA}e^^''"^^^/^(d'u) = X{A)/\/2tt, is up to a 
constant factor equal to the Lebesgue measure A on M. Therefore, one can show that 

{Xt}tm = {^l e-(*-^)^/2Mi(dz)| , 
V27r Jr J tm 

where Mi is a 1— Frechet random sup-measure with the Lebesgue control measure. This 
shows that X in this simple case is merely a moving maxima rather than a mixed moving 
maxima. 

We have thus shown that the Brown-Resnick process (|7.1|) driven by fractional Brow- 
nian motion {Wt}t£T is purely dissipative. Thus, by Theorem 16. 4l we have that {Xt}t£T 
is a mixed moving maxima. It is not clear how one can prove this fact without the use of 
our classification results. In two very recent papers [iSllTS], Kabluchko and co-authors 
established very similar classification results by using very different methods based on 
Poisson point processes on abstract path-spaces. Their approach yields directly the 
moving-maxima representation (and hence dissipativity) of the Brown-Resnick type 
processes X under the alternative Condition ()7.2p . This condition is only shown to 
be sufficient for dissipativity of X. Its relationship with our necessary and sufficient 
condition (|7.3p is a question of independent interest. 

The question raised in Kabluchko [l5] on whether there exist stationary Brown- 
Resnick processes X of mixed type i.e. with non-trivial dissipative and conservative 
components still remains open. In view of our new necessary and sufficient condition 
(|7.3p , this question is equivalent to the following: 

Question 7.2. Is it true for Gaussian processes W = {Wt}teR with stationary incre- 
ments and continuous paths that fi{ e^^~"^^'^dt < 00} G {0, 1} ? 
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A Proofs and Auxiliary Results 



A.l Proofs and auxiliary results for Section [3] 

The proof of Theorem I3.2[ as well as the auxiliary results in Section O follow closely 
the proofs in Hardin [12]. There the author dealt with linear isometries instead of 
max-linear isometries. 

Lemma A.l. Let (Si,Si, fxi) and (52,52,/X2) be two measure spaces and suppose that 
T : Si ^ S2 is a regular set isomorphism. 

(i) The regular set isomorphism T induces a canonical function map Tf, defined mod 
fi2 for all measurable f on (Si, Si) and such that {Tf £ B} = T{f E B}, mod fi2, for 
all Borel sets B £ Bu- 

The function map T is monotone, linear, max-linear, and preserves the convergence 
almost everywhere, modulo null sets. Moreover, T(/i/2) = T{fi)T{f2), mod ^2, for all 
measurable functions fi and f2 on {Si, Si). 

(ii) If the regular set isomorphism T is measure preserving, then the induced function 
map T is a max-linear isometry from 5i, /ii) to (S'2, 52, /U2), for every a > 0. 
Furthermore, ifT is onto, then so is the induced max-linear isometry. 

Proof, (i) Consider the sets A,. := {f < r}, r G Q, where Q denotes the set of 
rational numbers. By the monotonicity of the regular set isomorphism, we obtain that 
TAr C TAg, mod //2, for all r < s, r, s G Q. Let {Tf){x) := inf{s : x £ TAs} and 
observe that Tf is measurable. Indeed, 

{Tf<r}= fl TA, = TAr = T{f <r}, for all r e Q. 

s>r, seQ 

We win show next that T{f £ B} = {Tf £ B} mod ^2, for ah Borel sets B C R. 
Indeed, consider the class of sets: 

V:={B£Bu : T{f £ B} = {Tf £ B}, mod ^2 }, 

and observe that C C T>, where C := {{—oo,r] : r £ Q}. One can show that I? is a 
(T-algebra and therefore a{C) C V. This however implies that Bu = T), since B^ = cr{C), 
thereby showing that T{f £ B} = {Tf £ B}, for all B £ Sr. 

By the properties of regular set isomorphism, it is easy to see that for any sequence 
of measurable functions {/m}mGN, ^'(sup^gr^ = sup^gp^T/^, and T{mimen fm) = 
infmenTfm, mod fi2- Therefore, T preserves pointwise limits of measurable functions, 
modulo null sets. 

One clearly has that T{Xf) = XT f, for all A G M and measurable /'s. The linearity 
of T follows then from the fact that 

T{/ + 5 < r} = r( U,eQ {/ < r - s} n {5 < s}) = U,6Q{r/ <r-s}r\{Tg< s}, 

which equals {T f + Tg < r}. The max-linear ity of T can be established similarly. The 
fact that T preserves products, i.e. T(/i/2) = T(/i)T(/2) mod /i2, for measurable fi 
and /2 can be established similarly for non-negative functions, and then shown to hold 
for arbitrary functions, by linearity. 

(ii) Now, if T is measure preserving, then for all simple functions / = VILi ^i'^Ai, with 
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disjoint Ai^s in Si, we have, by max linearity, that Tf = Vr=i ^i^TAi- Thus, since the 
regular set isomorphism T is measure preserving, we have 



Now, for any / € L'^{Si,Si, fii), let {/t}teT C L'^{Si,Si, fii) be a monotone sequence of 
simple functions such that fn f rnod /ii as n ^ oo. We then have that T/„ Tf, 
mod /X2, as n — > oo, and J'^^(T/„)"d/i2 = fudfJ-i y fg^ f^dfii < oo, as n ^ oo. The 
monotone convergence theorem implies that Tf £ L'^{S2,S2, fJ-2) and ^^2) = 

11/11^^(^*1)5 which shows that T is a max-linear isometry. If T is onto as a regular set 
isomorphism, then the induced max-linear isometry is clearly onto the set of all simple 
functions, and therefore T is onto (52, ^2, /i2)- D 

The following lemma is used repeatedly in the sequel. 

Lemma A.2. Let T he a max-linear sub-space of L'^{Si, fii), where /ii is a finite 
measure. Let U : ^ L°^{S2,^2) be a max-linear isometry. If Isi ^ ^ o-'n-d Uls-^ = 
ls2, then for any collection of functions {/njnGN C T, 

i^i{{fij2,---}eB) = fi2{{Ufi,Uf2,...}eB), yBeB^n. (A.i) 

Here B^f^ denotes the Borel a -algebra on the product space = [0, 00)^. 

Proof. Since I52 € L'^{S2, 1^2)1 it follows that fj,2 is a finite measure. Without loss of 
generality, suppose fii and ^2 are probability measures. Let /ii_oo(-B) = /Ui({/i, /2, . . . } G 
B) and M2,oo(S) = ^2({C^/i, • • • } S B), VB G ^,gN and /j G G N. In order 
to show /Ui^oo = /^2,oo) we first show that ni^oo and /i2,oo induce the same measure fii^n 
and /i2,n on M.'^ via fii,n{Bn) = l^i,oo{Bn) for i = 1, 2, where 5„ G and 5„ = {x = 
(xi, X2, . . .) G : (xi, . . . , Xn) G -Bn}- Indeed, by using a change of variables and the 
fact that [/ is a max-linear isometry, we obtain that for all n G N, Oj > 0, /j G .F, 1 < 
i <n. 



/ 1 V y OiZ^ dfii^oo{z) = lv(^ y aifi{x)j dfii{x) 

•^^+ l<j<n •^•^1 l<i<n 

IV ( \/ a,U fi{y)y dfi2{y) = /j^lv( \/ a,Zi)"d/i2,oo(^) 

l<j<n •^'*+ l<i<n 



which implies ^i,n(-B„) = ^2,n(-Bn), VBn G ,8r^. By Lemma 4.1 in [8], = /i2,n , Vn G 
N. That is, //i,oo and /i2,oo agree on the field of all cylinder sets of M^^. By the 
Caratheodory extension theorem, /ii^oo = /^2,oo- 

Proof of Theorem \3.1\ First observe that ^1 and /i2 are finite measures, since \si £ 
L"(S'i,;Ui) and Igj G L"(52,/i2)- We start by defining T on a separable c-field and 
then we verify the consistency of the definition. Let C = {fn}n&i <Z J- he a. countable 
collection of functions. We then have that 

<C) = {{(/i, /2, . . . ) G I?} , S G } , (A.2) 
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where fT(C) is the minimal u-algebra generated by C. Observe that for any A S <7(C), 
there exists Ba £ B-gti such that A = {(/i,/2,...) G Ba}- We therefore define Tq ■ 
a{C) a{U{C)) as 

TcA = {{Uh,Uf2,...)e Ba} . (A.3) 

In the sequel, we will first show that Tq is: (1) well defined (note that Ba may not be 
unique for a given A), (2) measure preserving, (3) onto and (4) Tc induces a unique 
max-linear isometry from a{C), fii) onto (^2, a{U{C)), ^2), implying that Tc 

satisfies (i) and (ii). Then we show that for the induced max-linear isometry Tc- (5) Tc 
and U coincides on V-span(/t, t £ T) and (6) Tc is unique, implying that Tc satisfies 
(ifi). 

(1) Tc is well defined modulo ^2^null sets. Indeed, if there is another Ba S ^Bj^n such 
that ^ = {(/i,/2,...)e 5a}, then 

/^2({(t//i, f//2, . . . ) e i?A}A{([//i, C//2, . . . ) G Ba]) = Ai2 {{{Uh,Uf2, ...)€ BaABa}) ■ 
By Lemma IA.21 the last expression equals 

w({(/i,/2,...) e Ba/^Ba]) 

= /ui ({(/i, /2, . . . ) e i?A}A{(/i, /2, . . . ) e 5^}) = w(^AA) = , 

which shows that the definition of TcA in (|A.3p does not depend on the choice of 
Ba G -SjgN , modulo /U2"iiull sets. 

(2) Tc is a regular set isomorphism. For convenience, we prove the three conditions 
in Definition 13.21 in different order. For every A S 17(C), let Ba G B^n be such that 
{(/i, /2; • • • ) G -B^} = A. First, by Lemma [4.21 we have 

;ui(A) = ^i({(/i, /2, . . . ) e B^}) = ^2({(f//i, ^/2, . . . ) e Ba]) = fi2{Tc{A)) , (A.4) 

which shows that (iii) of Definition 13.21 holds. Relation ()A.4p shows moreover that Tc is 
measure-preserving. Second, note that Si G <7(C). Then we can show (i) of Definition l3.2l 
by 

TciSi \ A) = {{Ufi, C//2, . . . ) G \ Ba} 

= {{Uh, Uf2,...)e M^} \ {{Ufi, Uf2,...)e Ba} = TciSi) \ Tc{A) . 

Finally, suppose Ai,yl2,... are arbitrary disjoint sets in a{C). Observe that, modulo 

U~ = u- 1 {( /i, /2, . . . ) G i?Aj = {( /i, /2, . . . ) e u- J , 
whence, U'^^^Ba^ may be viewed as a particular choice of -Bu^.^An, and thus, in view 

of ^EM. 

Tc{U^=lAn) = {(t//i,[//2,...)GU;f=ii?Aj 

00 

= U^^,{{Uh,Uf2,...)eBAj=[j{Tc{A^)}, 

n=l 

implying (ii) of Definition 13. 2[ 
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(3) Tc is onto (t{U{C)). Observe first that as in ([Ql . cr{U{C)) = {{Ufi, Uf2, ...) € 
B^n}. Now yUA G o-(C/(C)) tiiere is a G iS^N such that Ua = {{Ufi, Uf2, ..•) e 
Ba}- Then, let A = {(/i, /2, . . . ) S Ba} and observe that by ()A.3p . we have TqA = 
{(f//i, C//2, . . . ) G Ba} = Ua- This shows that Tc is onto. 

(4) Tc induces a max~linear isometry from L'^{Si,a{C), fii) onto L^{S2-,(y{U{C)), ^2)- 
The proof is standard and is given as Lemma lA. II in Appendix lA.il 

(5) Tc and U coincide on V-spanjl^^, /i, f2, ■ ■ ■ }• Observe that Tclsi = IS2 ^'^d for 
any B G , 

{Tcfj eB} = Tc{{fj e B}) = {Ufj e B},j = 1,2,... , 

where the first equality follows as in the case of linear mapping (e.g. see p452-454 [9]) 
and the second equality follows by (jA.Sp . This shows that Tc{fj) = U{fj) , j = 1,2, . . . . 
Since Tc is a max-linear isometry by (4), Tc and U coincide on any finite positive 
max-linear combinations of 1^^, /i, f2, ■ ■ ■ and hence on V-spanjl^^, fi, f2, ■ ■ ■ }• 

(6) Tc is unique. Assume that there exists another max-linear isometry V from 
L'^{Si,a{C), Hi) to L°(S'2,^2) such that V and U agree on V-spanjl^j , /i, /2, . . . }. 
We will show that V and Tc coincide on (5*1, (j(C), //i). It is enough to show that, 
for any Aq G Bm_^ and any A = {{Ufi, Uf2, . . . ) G Ba} G a{U{C)), we have 

^2{{Tcf G Ao} nA)= fi2{{Vf G Ao} n A) . 

Indeed, for any / G L^{Si, a{C), fii) we have, by (5), 

^2({Tc/ G Ao} nA)= fi2{{{Tcf, Tcfi,Tcf2, . . . ) G x Ba}) 

= m({(/,/i,/2,...)e^oxBA}) (A.5) 
= fi2{{{Vf, Vh, y/2, . . . ) G X Ba}) 

= ^i2{{{Vf, Ufi, Uf2,...)eAox Ba}) (A.6) 
= fi2{{VfeAo}nA) 

by using Lemma IA.2I in (lA.Sp and (|A.6|1 . Hence, we have {Tcf G Aq} = {Vf G 
Aq} ,\/Aq G Bu^ and V/ G L'^{Si,a{C), fii), which implies that Tc and V agree on 
L-(5i,(t(C),/xi). 

To complete the proof, we define a max-linear isometry from (Si, o"(JP"), /ii) onto 
L"{S2,cr{U{J^)), (12)- Note that, for all / G L'^{Si,a{J^), ^i) there exists a countable 
collection of functions C = {/i,/2,...}, such that / G o-(C). We therefore define 
Tf = Tcf. To check the consistency of this definition, suppose that / G o"(C), for 
another countable collection of functions C <Z T . Since C C C U C, by using ()A.3P 
one can show that Tc^Al) = r^^g(A) for every A G o"(C). Thus, Tcf = T^^cf 
similarly Tj^f = T^^^f , which shows that T is well-defined. It is easy to see that T is 
induced by a measure preserving regular set isomorphism of (t{J-) onto a{U{J-)). This 
is because that for every A G c(.F), we have 1a G (t(C) with some countable collection 
C CJ". □ 

Proof of Lemma \3.1[ First, to show p{F) = p(V-span(F)), it suffices to show that 
/9(V-span(F)) C p{F). Observe that for any fi,gi G F,ai > 0,bi > 0,i G N and 
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c > 0, we have 



WjgNMi " yWigN^i5j ~ J 

Hence p(V-span(F)) C p{F). Next, C o-(F) follows from the fact that 
{/l//2<c}= U {{fi<q}n{f2>q/c}) , 

0<qeQ 

for any /i,/2 G and c > 0, where Q denotes the set of rational numbers. Finally, 
when Is £ F, p{F) D pif/ls : f £ F) = a{F). As it is always true that p{F) C a{F), 
it follows p{F) = a{F). □ 

Proof of Lemma \3. 21 Suppose first that is separable, i.e., there exists a countable 
collection of functions /„ G .F, n G N, such that = V-span{/i, f2, ■ ■ ■}■ Then, we have 
that 

oo 

9= V (/n/(2"ll/nllL;?(s,M))) belongs to (5, /x). 



n=l 



because 



\9\\li(p) 



oo j,^ OO^ „ -j^ 

V II f r - ^ / II f r = ^ < °° 

„^l^ ll/n|lL-(S,M) n=l-^ ^ II/"IIl^(S,m) „ ^ 



Since .7-" is a max-linear space, we have g £ J- and clearly g has full support in T since 
for any / G J^, supp(/) C U^i supp(/„) = supp(5) mod p. 

Next consider the case when p is fi-finite. Let 7^ be a finite measure equivalent to 
p (i.e., ]! <^ p and p <^ Jl). Now let -F C be any arbitrary countable collection 

of functions in J^, set s{F) := A* (^U/gF s^PP(/)) ^^^^ define s := supp^jr s{F). Thus, 
consider a sequence C .F, n G N of countable collections of functions, such that 
s{Fn) t •s as n — > oo. Let C = UngN observe that C is countable. Then by 
the first part of the proof, there exists g G V-span(C) with full support in V-span(C), 
since /I (^U/gc s^PP(/) \ supp(£/)) = implies (^U/gc supp(/) \ supp(5)^ = 0. The 
function g has also full support in J^. Indeed, if there exists a function £ T such that 
7l(supp(/o) \ supp(g')) = e > 0, then fo^C and lim„^oo s(-FnU {/o}) > s + e > s, which 
is a contradiction. This completes the proof of the lemma. □ 

Proof of Lemma [Ql Let go = Ufo and let gi = Ufi for an arbitrary fi G J^. We clearly 
have that /2 := /o V /i and 52 := 50 V (71 = C//2 have full supports in V-span{/i, 72} and 
V-span{5(i, (72}, respectively. To prove the result, it is enough to show that /i2(supp((7i) \ 
supp(5o)) = 0, or equivalently, p2{supp{g2) \ supp(5ro)) = 0. 
Consider the finite measures 

ui = f2dpi and 1/2 = g2dp2 , (A.7) 

restricted to the spaces (supp(/2), -^^i lsupp(/2)) ^'^'^ (supp(g2), ■B^a lsupp(32))- define 

V («lsupp(/2) V b{fo/f2)) := alsupp(c;2) V b{go/g2) Va, 6 > . 
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Observe that 



al V A6/o^) "dui = I ( a/2 V A6/0 ) dfii 



supp(/2) ^ J Si 

ag2V Xbgo) dfi2 = [ (alV Xbgo—) du2 ■ 

This shows that V : V-span{lgupp(j2), /0//2} -^+(supp((72), 2^2) is a max-hnear isom- 
etry mapping lsupp(/2) to lsupp(g2)- Thus, by Lemma [4.21 we obtain 

1^1 ({/0//2 = 0}) = U2 {{V{fo/f2) = 0}) = 1^2 {{90/92 = 0}) = , 

Since z^i({/o//2 = 0}) = z^i(supp(/2) \ supp(/o)) = 0, w e also have that 1^2(90/92 = 
0) = t'2(supp((?2) \ supp(5fo)) = 0. This, in view of (|A.7p . imphes that /i2(supp(g2) \ 
supp(go)) = and hence /i2(supp(gi) \ supp((7o)) = 0, since supp((7i) C supp((72)- We 
have thus shown that for an arbitrary fi £ T ^ ;U2(supp(f7/i) \ supp((7o)) = 0, which 
shows that f7/o = 50 has full support in U(T') (see Definition I3.4p . □ 

Proof of Theorem \3.2l Let fo £ T he a, function with full support in J^, i.e., supp(/o) = 
Si (Lemma Is. 2p . Define JFq := {/ • (I//0) ,/ G J^}- Since /0//0 = Isi G J^o, it follows 
that 

a{To) = p{:Fo) = p{J^), (A.8) 

where the second equality follows from the fact that /1//2 = (/i//o)/(/2//o) mod ^1, 
for all /i, /2 G J^, since /o has full support in T. Therefore, any element rf S TZe^+{T), 
r G TZj^iJF) and f £ can be represented as follows: 

r/ = (r/-(l//o))/o = ro/o, 

where tq = rf ■ (I//0) = r ■ (///o) is a /9(.F)-measurable and hence (T(.Fo)-measurable 
function. Hence, we have that 

TZeA^) = {ro/o G L°(5i,/ii),ro > 0,ro G a{To)} • 

Next, introduce the measures d/^ijo — fo'^Pi dp2jo = (U fo)°'dfi2, and ob- 
serve that both of them are finite. We thus have that J-'o is a max-linear sub-space 
of (5*1, /xi.jg) and similarly Gq := {Uf ■ (l/f//o),/ G T} is a max-linear sub-space 
C (52, /i2,/o)- -l-t is easy to check that 

Uo-.J'o ^ ^0, defined by [/o(/) :=[/(/• /o) • (l/t//o), / G .Fq 

is a max-linear isometry from J^q C (S*!, /zi.jg) to ^0 C (5*2, /U2jo)- Note, however, 
that these two L^IJi— spaces involve finite measures and UqIsi = lsupp{c//o)- Thus, by 
Theorem 13. 11 we obtain that Uq has a unique extension to a max-linear isometry 

T : L°(5i,(j(J^o),/^i,/o) ^ ^+(supp(f//o),tT(^o)|,,pp(^^^),/^2,/o)' 
which is induced by a measure preserving regular set isomorphism T from a{J-'o) onto 

We can now construct the desired extension U of the max-linear isometry U. Con- 
sider the mappings 

M : 7^e,+(.F) ^ L-(5i,a(.Fo),mjJ 
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defined by Mf := f ■ (I//0) , V/ e 7^e,+ (^) and 

N : L-(supp(C//o),a(go)|,,,„^,„),;"2,/o) ^ i+(52,/i2) 

defined by := 5 • (t//o),Vff G L^(supp(C//o), a(go)|,, pp((7/o)'/"2,/o)- that both 

mappings M and are one-to-one and that M is trivially onto. We will now show that 
N is also onto. Indeed, as in (|A.8p . we have that 

a{go)=p{Qo) = p{U{T)). (A.9) 

Consider an arbitrary g S TZ(.,+ {U{J-)), and note that g = rU{f), with some r £ 

and f £ T. We have that g = TU{fo) with f = rU{f)/U{fo), since C//o 

has full support in U{J-) (Lemma 13. 3p . By (lA.Op . we have that r is p{U{J-)) and 

hence a (^0)— measurable, and since g = rU{f) G L"(52,//2)) it follows that r G 

(S'2, cr(^o)i /"2,/o)- This shows that N{r) = rU{f) = g, and since g G TZe^+{U{J^)) was 
arbitrary, it follows that N is onto Tle^+{U{J^)). 

At last, we define 

U := NTM : 7^e,+(.^) ^ L^(S2,/i2). 

We will complete the proof by verifying that U satisfies (13. ip and (13. 2p as well as the 
fact that U is onto and unique. To prove (|3.ip . observe that 

U{rf) = NTM{rf • (I//0) • /o) = A^T(r/ • (I//0)) = {U h)T{r)T{f ■ (I//0)), 

where the last equality follows from the fact that T{fif2) = r(/i)T(/2), for any two 
measurable functions /i and /2 (Lemma lA.ip . Since T{f ■ (I//0)) = Uo{f ■ (I//0)) = 
U{f)/U{fo), we obtain that 

U{rf) = {Uh)T{r)U{f)/U{h) = Tir)U{f), 

which yields (13. ip . 

To prove (|3.2p . note that for all A £ p{U{J^)), we have 

{p,joT-')A = [ {iT-iAfTdf,, 
J Si 

= [ T{iT~iArT{frdi^2 = [ iAU{frdti2, 

JS2 JS2 

which is equivalent to Relation (13. 2p . 

Now, the extension U = NTM is onto TZe.+{U {J-)) because so are the mappings 
M, N and T. Finally, to prove the uniqueness of U , suppose that there exists another 
max-linear isometry, V : 7^e,+ (-^) ^ L°^{S2, ^2)1 extending U. By the definitions of M 
and N, we have that N^'^V is a max-linear isometry from L°!^{Si,a{J-Q), pij^) to 
L^(supp(;7/o),a(ao)|3,pp(y^jj),Ai2,/o)- We also have that 

N~^VM~\f/h) = N-^Vf = N-\Uf ) = Uf/{Ufo) , for all / G .F, 

which shows that N^^VM^^ coincides with Uq on J^q. Since Uq has a unique ex- 
tension T : L^(S'i,o-(j^o),/"i,/o) ^+(supp(f^/o),o-(^o)|,„pp(y^Q),/"2,/o)' ^e obtain that 
N~^VM~^ = T, which implies V = NTM = U . This completes the proof of the 
theorem. □ 
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Proof of Lemma \!i.4\ Fix fo £ F with full support. Since /o is cr(F)-measurable, so is 
I//0. Now for any / G L'^^{S, /i), / is (T(F)-measurable. Observe that p{F) C cr{F) C iSg, 
whence, by p{F) ~ fi^ mod /i, p(-F) ~ ~ Ss mod //. Hence, / • (I//0) is iSs- 



A.2 Proofs for Sections H] and [H] 

Proof of Proposition \5iM To prove part (^ij, observe that since /x is a-finite, it is enough 
to focus on the case when ^ is a probability measure: fJ-{S) = 1. Thus, {ftis)}teT may 
be viewed as a stochastic process, defined on the probability space {8,83,^)- 

Note that L'^{S,fi) equipped with the metric Pfi,aifig) = /si/"" g"^\dp, is a com- 
plete separable metric space. Furthermore, p^^a metrizes the convergence in probability 
in the space {S,p). Therefore, Theorem 3 of Cohn |^ (see also Proposition 9.4.4 in [32]) 
implies that the stochastic process / = {ft{s)}t£T has a measurable modification if and 
only if the map hf : t [ft] is Borel-measurable and has separable range hf{T). Here 
[/] denotes the class of all (/x)-functions, equal to /, p-a.e.. 

Similarly, X = {Xt}t£T has a measurable modification if and only ifhx ■ t ^ [Xt] is 
Borel-measurable and has separable range hx{T), where [Xt] £ C°{n,J',F) is equipped 
with a metric, which metrizes the convergence in probability. Here .F, P) denotes 

the collection of equivalence classes of random variables, with respect to the relation of 
almost sure equality. We focus on the set Ai = {[S] : = ^J^gdMa, g G L°(S', ^u)}, 
which is a closed subset of C^{Q,J^,F) with respect to the convergence in probability. 
Theorem 2.1 of [35], shows that since {L'^{S, p), p) is complete and separable, so is Ai 
with respect to the metric: 



for all ^ = % fdMa and t] = "Jg gdM^, with /, g E L%{S, p). 

Now, the separability of L'^{S,p) and Ai implies the separability of the ranges 
hf{T) C L^{S^p) and hx(T) C M., respectively. On the other hand, the equivalence 
(jA.lOp of the two metrics pM and p implies that hf : T ^ ^'^{S, p) is Borel-measurable 
if and only if hx : T ^ M is Borel-measurable. This, in view of Theorem 3 of Cohn 
[1], yields (i). 

In view of Proposition 12.11 to establish (ii), we should show that any measurable 

a-Frechet process X satisfies Condition S. As argued above, the map hx '■ t ^ [Xt] has 

a separable range in the metric space Co{il.,J^,¥). Hence, there exists a countable set 

P 

Tq C r, such that for all t £ T, for some tn £ Jo, we have Xt„ Xt, as n ^ 00. This 
shows that the process X is separable in probability (satisfies Condition S, see Definition 
12. 2|) and the proof is complete. □ 

Proof of Theorem \5.2[ Part (ii) follows immediately from (|5.6p . To prove (i), consider 

(2) 

another measurable representation {/j }teT C L'^{S2,P2) of the same process {Xt}t&T- 

(2) 

We show that {ft }teT also admits a co-spectral decomposition and, letting the corre- 
sponding decomposition of the process be 



measurable. Thus / = (/ • (l//o))/o G i^(S,/x). 



□ 





(A.IO) 




(A.ll) 
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we have 

{X[%^T = {x[%eT , 1 < J < n . (A.12) 

Let {// ^^}teT C /ii) denote the representation in assumption, which admits a co- 

spectral decomposition w.r.t. {'Pj}i<j<n- Without specification, the fohowing arguments 
hold for both i = 1,2. 

First, by Proposition 15.21 the process X has the representation in (|2.4p . and hence 
it has a minimal representation with standardized support {ft{s)}teT C L'^{Si,n-, ^i,n) 
by Theorem 14.11 This representation can be also chosen to be jointly measurable. By 
()4.6p in Theorem 14.21 we have 

(s) = h,{s)ftiMs)) =■■ fi'\s),fii-a.e. ,Vt e T, (A.13) 

where hi : Si ^ M+ \ {0} and from Si onto Si n are both measurable. Since 
{t, s) ^ Ms) is measurable, it follows that fl'\s) is jointly measurable modification of 
fj:^\s). Consider the sets 

iV« :={(M):/«(s)/f' (.)}. 

By (IAT3]) . we have that ^ii{Ni'^) = 0,Vt G T, where Tvf^ = {s : G A^(*)}. Thus, 
by Fubini's Theorem, there exists Si C S'j such that fii{Si \ Si) = and for all s £ Si, 
f^'\s)=f^'\s),X-a.e.. 

The argument above implies that 

(s) = his) ft o V(t, s) G T X (A.14) 

Now, suppose Si has a co-spectral decomposition Si = Uj=i •S'l"'^ mod //i. We 
show that this induces a co-spectral decomposition of Sj^n- Without loss of generality, 
assume that S\ <Z Si,l < j < n. Set 

n 

:= ^i{s['^), 1 < j < n and S/,^^^) := 57,;v \ U Si,n^''^ ■ (A.15) 

By (lAlil) . S/.Tv^^) C {s : /.(s) G -Pj}, l<j<n. Note that the assumption ^pMs'f ^ C 
{s G 5i : /.^^^(s) = 0} implies that 5/,7V^^'^ n Sj^n'^''^ C {s G 5/,7V : /-(s) = 0}, for all 
1 < j < < n. Moreover, $^i(S/,ArW) C 5i \ U"=i -^P^ whence Xi,n{Si,n^^'^) = 0. 
We have thus shown that {Si^N^^^}i<j<n is a co-spectral decomposition of {/t}tGT C 
L'^{Si^nAi,n), w.r.t. {7^j}i<j<„. 

Next, we show that for any spectral representation {/^ }j(=t C L'^{S2, fJ.2), there 
exists a co-spectral decomposition of ^2 w.r.t. {'Pj}i<j<n- Indeed, the decomposition 
is induced by setting slf^ := ^2^{^i,N^'^'^) H 52, 1 < i < n. One can easily verify that 
{S2 ^}i<j<n is a co-spectral decomposition w.r.t. {'Pj}i<j<n- 

Finally, by the construction of {5'p^}i<j<„, i = 1,2 above, we have 

\i,N [MSi'^)ASi,N^^^) = , VI < i < n . (A.16) 
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Note that (|A.14p induces a max~linear isometry from Xi^n) to L'^{Si, Hi). Com- 

bining with (IA.16P and Remark 14.31 we have 



This imphes ([XT2]) . □ 

Proof of Theorem \6.1\ This result can be estabhshed by following closely the proof of 
Theorem 3.1 in [27] and replacing the linear combination gn = X^^Li Cnifni therein by the 
max-linear combination gn = \J^=iCnifni £ V-span{/t : t G T}. For the completeness, 
we provide the details next. 

Suppose {ft}t&T is minimal. Then, for any r G T, by stationarity {ft+r^t^ is also a 
minimal representation of the same a-Frechet process. By applying Corollary UTTJ there 
exist a one-to-one and onto measurable function <!>,- : Si^n — > Si^n and a measurable 
function : Si^n — > IR+ \ {0} such that for each t £ T, 

ft+ris) = hris){fto^^){s) , A/,^-a.e. (A.17) 

and 

^(^Jf^(.) = A.,^-a.e.. (A.18) 

Since, for every t, ti,T2 £ T, we have two ways expressing ft+ri+T2- 

ft+T^+T2 = /{t+ri)+r2 = (^r2)(/t+ri O ^ra ) = {hr2)iK ° ^ra)!/* ° ° ^rz) , A/,Ar-a.e. 

and 

ft+Ti+T2 = iKi+T2){ft o ^Ti+Ti) 1 A/,iv-a.e. , 
it follows, by the uniqueness of <!>,- and hr, that for every ti,T2 G T, 

/iri+ra = {hT2){hTi o ^ra) , A/^AT-a.e. , (A. 19) 

and 

<^ri+T2 = ^ri O ^'ra , A/,Ar-a.e. . (A.20) 

To complete the proof, we will establish a modification </> of <I> such that (j) is measurable 
on T X Si^N and 

^t{s) = , A/,Ar-a.e. ,Vt G T. 

If r = Z, then one can modify {^t}teT to have ()A.20p hold everywhere for all ti,T2, 
making {^t}teT a flow. When T = R, by Theorem 1 in [20], in order for {^t}t£T to 
have a measurable version {(pt}teT, it is enough to check that the map 

is measurable for every finite measure u on Bxj ^ (the measure algebra induced by 
{Bsj j^, \i,n))- It is clear that u defines a finite measure v on Bsj such that ^{3) = 
and we have v <C Xi,n- Put k = dv/dXi^N- It is equivalent to show that 



I lB{^t{s))k{s)\i,N{ds) (A.21) 

J Si n 
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is measurable for each B S Bsj j^- Indeed, it is enough to show that (t, s) i— > lB($t(s)) 
is a measurable function of (t, s) for each B £ Bsj jv • Choose a function g = fj^N defined 
in ([33]) and gn = Vr=i Cm/t„i G V-span{/(, t G T}, such that gn ^ 9 , Xi,N-a.e.. In view 
of ()6.ip . for each t £ T, 

n 

hT{s)gn o ^t(s) = V C„i/t„+r(s) , A/,Ar-a.e. S G 5/,Ar . 

1=1 

Observe that the r.h.s. is a measurable function of (r, s) for each n S N and the l.h.s. 
converges A/^Ar-a.e. as n ^ oo, for all t £ T. It follows that there exists a measurable 
function (r, s) i— > grls) such that, for each r G T, 

/i^(s)5 o = gr{s) , A/,Ar-a.e. . (A. 22) 

Now, observe that since {ft}teT is minimal, for every B £ Bsj jv there exist ti,t2, ■ ■ ■ £ T 
and A E such that B = {s : {ft^{s)/ g{s), ft.,{s)/g{s), . . . ) £ A} mod A/,Ar. Note 
that (|XT7|) and (|X22l) imply 

ft ° ^r(^) /f+r(g) > 

STTT = n~ ' ^i,N-a..e. . 

go'^As) c/r(s) 

It follows that 

1b{'^t{s)) = 1a (/ti+r(s)/5'r(s), fti+As) / gris) , ■■■ ) , A/,Ar-a.e. S £ Sl^N ■ 

We have thus shown that the map in ()A.2ip is measurable. □ 

Proof of Proposition \6.1[ (i) The fact that {/j jteT is another spectral representation 
of {Xt}t&T can be verified by checking 



IV HIV 



(1) 



(a) By Corollarv l4.H there exists measurable and invertible point mapping ^ : S2 ^ Si 
such that we have two different ways relating f^^^ and /^^^ 

,(2) / (i(/i2 °0r^^) \"^(2) ,(2) /C^(W°^°4^\" .(1) ^ ,(2) 

and 



/Li2-a.e. 



By the uniqueness of determining flow, we have (j)^^ o $ = $ o (p^^ , /X2-a.e.. □ 

References 

[1] J. Aaronson. An Introduction to Infinite Ergodic Theory. American Mathematical 
Society, 1997. 



38 



[2] A. A. Balkcma and S. I. Resnick. Max-infinite divisibility. Journal of Applied 
Probability, 14(2):309-319, 1977. 

[3] B. M. Brown and S. I. Resnick. Extreme values of independent stochastic processes. 
Journal of Applied Probability, 14(4):732-739, 1977. 

[4] D. L. Cohn. Measurable choice of limit points and the existence of separable and 
measurable processes. Zeitschrift fur Wahrscheinlichkeitstheorie und verwandte Ge- 
biete, 22:161-165, 1972. 

[5] R. A. Davis and S. I. Resnick. Prediction of stationary max-stable processes. Ann. 
Appl. Probab., 3(2):497-525, 1993. 

[6] L. de Haan. A characterization of multidimensional extreme-value distributuions. 
Sankhya (Statistics). The Indian Journal of Statistics. Series A, 40(l):85-88, 1978. 

[7] L. de Haan. A spectral representation for max-stable processes. Ann. Probab., 
12(4):1194-1204, 1984. 

[8] L. de Haan and J. Pickands HI. Stationary min-stable stochastic processes. Probab. 
Theory Relat. Fields, 72:477-492, 1986. 

[9] J. L. Doob. Stochastic Processes. Wiley, New York, 1953. 

[10] E. Gine, M. G. Hahn, and P. Vatan. Max-infinitely divisible and max-stable sample 
continuous processes. Probability Theory and Related Fields, 87(2): 139-165, 1990. 

[11] P. R. Halmos. Measure Theory. Van Nostrand, Princeton, NJ, 1950. 

[12] C. D. Hardin, Jr. Isometrics on subspaces of P. Indiana University Mathematics 
Journal, 30:449-465, 1981. 

[13] C. D. Hardin, Jr. On the spectral representation of symmetric stable processes. 
Journal of Multivariate Analysis, 12:385-401, 1982. 

[14] T. Hida and M. Hitsuda. Gaussian processes, volume 120 of Translations of Mathe- 
matical Monographs. American Mathematical Society, Providence, RI, 1993. Trans- 
lated from the 1976 Japanese original by the authors. 

[15] Z. Kabluchko. Spectral representations of sum- and max-stable processes, submit- 
ted, 2008. 

[16] Z. Kabluchko, M. Schlather, and L. de Haan. Stationary max-stable fields associ- 
ated to negative definite functions, submitted, 2008. 

[17] U. Krengel. Darstellungssatze fiir Stromungen und Halbstromungen. II. Math. 
Ann., 182:1-39, 1969. 

[18] U. Krengel. Ergodic Theorems, de Gruyter, Berlin, 1985. 

[19] J. Lamperti. On the isometrics of certain function-spaces. Pacific Journal of Math- 
ematics, 8, 1958. 

[20] G. W. Mackcy. Point realizations of transformation groups. Illinois Journal of 
Mathematics, 6:327-335, 1962. 



39 



[21] H. Oodaira. On Strasscn's version of the law of the iterated logarithm for Gaussian 
processes. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 21:289-299, 1972. 

[22] V. Pipiras and M. S. Taqqu. The structure of self-similar stable mixed moving 
averages. Ann. Probab., 30, 2002. 

[23] V. Pipiras and M. S. Taqqu. Stable stationary processes related to cyclic flows. 
Ann. Probab., 32(3A):2222-2260, 2004. 

[24] S. I. Resnick. Extreme Values, Regular Variation and Point Processes. Springer- 
Verlag, New York, 1987. 

[25] S. I. Resnick and R. Roy. Random use functions, max-stable processes and contin- 
uous choice. Ann. Appl. Probab., l(2):267-292, 1991. 

[26] J. Rosinski. On the uniqueness of spectral representation of stable processes. Jour- 
nal of Theoretical Probability, 7:615-634, 1994. 

[27] J. Rosinski. On the structure of stationary stable processes. Ann. Probab., 
23(3):1163-1187, 1995. 

[28] J. Rosinski. Decompostion of stationary a-stable random fields. Ann. Probab., 
28:1797-1813, 2000. 

[29] J. Rosinski. Minimal integral representations of stable processes. Probability and 
Mathematical Statistics, 26:121-142, 2006. 

[30] J. Rosinski and G. Samorodnitsky. Classes of mixing stable processes. Bernoulli, 
2(4):365-377, 1996. 

[31] G. Samorodnitsky. Null flows, positive flows and the structure of stationary sym- 
metric stable processes. Ann. Probab., 33:1782-1803, 2005. 

[32] G. Samorodnitsky and M. S. Taqqu. Stable Non-Gaussian Random Processes. 
Chapman & Hah, 1994. 

[33] R. Sikorski. Boolean Algebras. Academic Press, New York, 1964. 

[34] S. A. Stoev. On the ergodicity and mixing of max-stable processes. Stochastic 
Process. Appl., 118(9):1679-1705, 2008. 

[35] S. A. Stoev and M. S. Taqqu. Extremal stochastic integrals: a parallel between 
max-stable and alpha-stable processes. Extremes, 8(3):237-266, 2006. 



40 



